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Abstract. The little n-disks operad is SOpnq and Opnq-equivariantly formal over the rationals.
Equivalently, the oriented and unoriented framed little disks operads are rationally formal as
8-operads.
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The little disks operad Dn of dimension n has a natural action of the orthogonal group Opnq, by
rotating disks. In other words, Dn is an operad in Opnq-spaces. In this paper, we show that it is
formal as such. To explain what this means precisely, recall that the equivariant homotopy type of
a space X equipped with an action of a group G can be recorded in the Borel construction XhG

together with its canonical map to BG “ ˚hG. The Borel construction defines an equivalence of
8-categories from G-spaces (up to weak equivalence) to spaces over BG. In particular, applying
the Borel construction aritywise to an operad P in G-spaces produces an operad in the category of
spaces over BG. The product in the latter category is the fiber product over BG. Very concretely,
the operadic structure is given by composition maps (over BG)

˝i : PpnqhG ˆBG PpmqhG Ñ Ppn`m´ 1qhG

satisfying the usual axioms.
For a finite type nilpotent space X, the rational localization of X can be recovered from AplpXq,

where Apl denotes Sullivan’s functor of piece-wise linear forms from spaces to commutative dg-
algebras. When trying to define formality of operads from this perspective, one runs into the
problem that Apl is not symmetric monoidal on the nose. Instead, there is a natural map

AplpXq b AplpY q Ñ AplpX ˆ Y q

which is a quasi-isomorphism. This implies that, if P is a topological operad, AplpPq is not an
operad (in the opposite of the category of commutative dg-algebras) on the nose but only up to
coherent homotopies. There are known ways to resolve or circumvent this. A convenient way is using
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the theory of 8-operads through the dendroidal formalism [CM13]. Given a topological operad
P, one may form its dendroidal nerve which is a functor NdP : Treeop

Ñ S that captures all the
homotopical information of the operad P. Here Tree is the dendroidal category, also denoted Ω in
the literature. We then say that an operad P is rationally formal if AplpNdPq is formal as a diagram
from Tree to commutative dg-algebras. This notion translates well to the equivariant setting. If
our operad P comes with an action of a topological group G, we say that it is equivariantly formal
if the diagram AplpNdpPhGqq from Tree to commutative dg-algebras is formal. Here PhG is the
operad in the category of spaces over BG described above. In fact, its dendroidal nerve NdpPhGq

agrees with pNdPqhG, the homotopy orbits of the 8-operad associated to P . Having explained the
terminology, we now state the main theorem.

Theorem. Let n ě 3, let G be Opnq or SOpnq. The little n-disks operad Dn is G-equivariantly
formal.

As a consequence, a rational model for the Borel construction of configuration spaces in Rn with
their Opnq or SOpnq actions is given by their cohomology rings. We compute these in Section 7.

The homotopy orbits pDnqhG is an 8-operad (a complete dendroidal Segal space, i.e. a fibrant
object in a model category describing the homotopy theory of 8-operads). This 8-operad is in
fact a fibrant replacement of the framed little disks (Proposition 2.2). So our main theorem can be
rephrased as follows.

Theorem. In dimension n ě 3, the framed little disks operad and its unoriented variant are formal
as 8-operads.

This constrasts with the results of Khoroshkin and Willwacher [KW17] and Moriya [Mor19]
who prove that the framed little disks operad is not formal in odd dimensions. This is not a
contradiction, but can be explained by the fact that the dendroidal nerve of the framed little disks
operad is not an 8-operad: it satisfies the Segal condition but it is not complete (see also Remark
2.3).

We also prove a relative version of the above:

Theorem. Let n ě 3 and c ě 2. Let G “ Opnq or G “ SOpnq. The map Dn Ñ Dn`c induced by
the standard inclusion of Rn in Rn`c is G-equivariantly formal.

One motivation for such a theorem comes from embedding calculus. Embedding calculus tries to
approximate spaces of embeddings between smooth manifolds by studying their effect on disks,
i.e. replacing each manifold by the associated right module over the framed little disks 8-operad.
Under the assumption that the manifolds are parallelized, the framed little disks 8-operad can be
replaced by the standard little disks 8-operad and, in this passage, the (by now classical) formality
has been used to great effect, e.g. [ALV07]. The formality results that we prove in this paper
should allow us to dispense such parallelizability assumptions and draw non-trivial consequences
for the rational homotopy theory of more general embedding spaces.

Our strategy to prove these results is to use a “purity implies formality” technique. As input, we
consider the action of the Grothendieck-Teichmüller group on the rationalized little disks operad,
built from the additivity theorem. This action is compatible with the action of the maximal torus
of Opnq and so induces an action on the rationalized Borel construction. As a byproduct of our
strategy we also obtain rational formality for algebraic group actions on smooth complex projective
varieties, using as input the Galois action on étale cohomology.

Related work. A different description of the SOpnq-action on the real homotopy type of Dn is
given in [KW17]. The translation between our result and the main result of [KW17] does not seem
to be straightforward as our ways of modelling equivariant homotopy type of operads are quite
different. The computation of Section 7, at least with real coefficients, can also be deduced from
[KW17] as was explained to us by Thomas Willwacher.



EQUIVARIANT FORMALITY OF THE LITTLE DISKS OPERAD 3

Acknowledgements. We thank Thomas Willwacher for suggesting that our methods of purity
and formality could be applied to the equivariant setting and for pointing out a mistake in section
7 in an earlier draft of this paper.

Convention. All cohomology is with coefficients in Q, unless stated otherwise.

1. Equivariant homotopy theory

1.1. Borel construction and rational equivariant homotopy theory. For a topological group
G acting on a space X, one may form the Borel construction XhG. This is a space with a map to
BG. Explicitly, this can be constructed as

XhG :“ pX ˆ EGq{G Ñ p˚ ˆ EGq{G :“ BG

where EG denotes any contractible CW complex with free G-action and the quotient is taken with
respect to the diagonal G-action. It is classical that the homotopy type of X with its G action can
be reconstructed from this map. Indeed, we have a fiber sequence

X Ñ XhG Ñ BG

and the monodromy action of G » ΩBG coincides with the G-action on X. This can be expressed
by the following theorem.

Theorem 1.1. The Borel construction defines an equivalence of 8-categories
FunpBG, Sq Ñ S{BG,

where S denotes the 8-category of spaces.

Given a G-space X, it is customary to denote by H˚
GpXq the cohomology of the Borel construction.

This is called the equivariant cohomology of X. Likewise, the rational equivariant homotopy type is
defined to be the homotopy type of the map of commutative dg-algebras

AplpBGq Ñ AplpXhGq.

Definition 1.2. We say that a G-space X is equivariantly formal if the map
AplpBGq Ñ AplpXhGq

is formal.

Remark 1.3. The above notion of equivariant formality implies the multiplicative collapse of the
Eilenberg-Moore spectral sequence

Tori,j
H˚pBGq

pH˚
GpXq,Qq ñ Hi`jpXq.

Remark 1.4. Formality of the Borel construction of a G-space X does not necessarily imply formality
of the action map G ˆ X Ñ X. For instance, the Borel construction of SOp3q acting on S2 is
formal over Q, but the action map is not formal, as it is just the Hopf map when evaluated at a
given point in S2.

Remark 1.5. The terminology equivariantly formal is often used in the literature for something
quite unrelated, namely the condition that the cohomology of the Borel construction H˚pXhGq is
free as a H˚pBGq-module. This is equivalent to asking that the Leray-Serre spectral sequence of
the Borel fibration collapses at the E2-page, and implies that the E2-page of the Eilenberg-Moore
spectral sequence is concentrated in the column i “ 0. Neither notion of equivariant formality
implies the other. We believe that our terminology is more compatible with the usage in rational
homotopy theory. For us a G-space is equivariantly formal if its rational homotopy type is a
formal consequence of the equivariant cohomology algebra H˚

GpXq as an algebra over H˚pBGq.
This notion is also called G-formality in [Lil03] and bundle formality in [Scu04], where the various
notions of equivariant formality are compared.
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1.2. Leray-Serre spectral sequence for the Borel construction. We next recall the construc-
tion of the Leray-Serre spectral sequence from the 8-categorical point of view. Given a map of
spaces X Ñ Y , there is an adjunction of 8-categories

f˚ : FunpY,DpQqq Ô FunpX,DpQqq : f˚

where the functor f˚ is precomposition with f and f˚ is its right adjoint. If p : X Ñ ˚ is the
unique map, then p˚ is a lax monoidal functor and p˚pQq is thus a commutative algebra object in
the 8-category DpQq which is quasi-isomorphic to the singular cochains E8-algebra C˚pX,Qq and
also to the commutative algebra AplpXq.

Remark 1.6. If X is a reasonable space (paracompact, Hausdorff and locally contractible) the
category FunpX,DpQqq can be modelled by the full subcategory of the 8-category of DpQq-valued
sheaves on X spanned by the locally constant sheaves. The functor p˚ coincides with what is
usually called Rp˚ in the sheaf literature. In this case the multiplicative structure on Rp˚Q can be
strictified to a strict commutative dg-algebra using the Thom-Whitney construction [NA87].

For a general map f : X Ñ Y , we denote by p : X Ñ ˚ and q : Y Ñ ˚ the unique maps and
we construct a filtration of p˚pQq “ q˚pf˚pQqq by q˚pf˚Q, τq, namely, the image of the canonical
filtration τ under q˚. The resulting spectral sequence is given by

E´i,j
1 “ Hj´ipX,Hipf˚Qqr´isq “ Hj´2ipY,HipF qq

where F denotes the fiber of f and HipF q denotes the local system HipF q equipped with its
monodromy action by the fundamental groupoid of Y . The above E1-page is isomorphic to the
page LSEj´2i,i

2 of the Leray-Serre spectral sequence. In fact the two spectral sequences coincide up
to renumbering (see Example 1.4.8 of [Del71] or [Ant24, Proposition 9.2])

Now, we specialize to the case of a G-space X, where G is a compact Lie group. We denote
by AGpXq the filtered complex q˚pf˚Q, τq producing the Leray-Serre spectral sequence for the
map f : XhG Ñ BG “ ˚hG, where q : BG Ñ ˚. This defines a contravariant symmetric monoidal
functor from G-spaces to filtered complexes over Q whose associated spectral sequence gives

E´i,j
1 pAGpXqq – LSEj´2i,i

2 pXhGq “ Hj´2ipBG,HipXqq ñ Hj´i
G pXq.

1.3. The orthogonal group. We recall some very classical facts about the orthogonal group Opnq

[Bor67]. This is a compact Lie group. If n is even, n “ 2m, then a maximal torus of Opnq is given
by the 2m ˆ 2m matrices that have m blocks of size 2 ˆ 2 on the diagonal that are elements of
SOp2q. If n is odd, n “ 2m ` 1, a maximal torus of Opnq is given by the p2m ` 1q ˆ p2m ` 1q

matrices that have m blocks of size 2 ˆ 2 on the diagonal that are elements of SOp2q and where
the remaining diagonal element is a 1.

In the even case n “ 2m the Weyl group is given by the semi-direct product Σm ˙Cm
2 . This can

be realized as a subgroup of Op2mq Ă AutRpCmq. The subgroup Σm acts on Cm by permuting the
factors while the subgroup Cm

2 acts on Cm by applying complex conjugation to some of the factors.
In the odd case n “ 2m` 1, the Weyl group is given by pΣm ˙ Cm

2 q ˆ C2. This can be realized
as a subgroup of Op2m` 1q Ă AutRpCm ‘ Rq in which pΣm ˙Cm

2 q acts on the Cm factor as in the
previous case and the extra copy of C2 acts by the sign representation on R and fixes Cm.

If instead of Opnq we want to work with SOpnq, the maximal torus is the same as for Opnq and
the Weyl group is a subgroup of the Weyl group of Opnq of index 2. In the even case n “ 2m it is
the subgroup of Σm ˙ Cm

2 consisting of elements pσ, ϵ1, . . . , ϵmq such that

signpσqϵ1 ¨ ¨ ¨ ϵm “ 1.

In the odd case n “ 2m`1, it is the subgroup pΣm˙Cm
2 qˆC2 consisting of elements ppσ, ϵ1, . . . , ϵmq, ηq

such that
signpσqϵ1 ¨ ¨ ¨ ϵmη “ 1.
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1.4. Rational equivariant homotopy theory for the orthogonal group. Let G be a Lie group.
Denote T its maximal torus and W its Weyl group. Given a G-space X, we may form the Borel
construction XhT for its T-action. This comes with a map to BT and this map is W-equivariant.
The following proposition (see [AB84] for example) shows that equivariant rational homotopy type
for actions of compact Lie groups can be reduced to the case of tori.

Proposition 1.7. Let X be a G-space. The map
A˚

plpXhGq Ñ A˚
plpBGq

is naturally quasi-isomorphic to the map obtained by applying W fixed points to
A˚

plpXhTq Ñ A˚
plpBTq

Remark 1.8. Since W is a finite group and we are working rationally, the fixed point functor is
exact and therefore does not need to be derived.

From the previous subsection and the above proposition we deduce that there is a natural
quasi-isomorphism

A˚
plpXhOpnqq » pA˚

plpXhSOpnqqqC2

where C2 is the quotient of the Weyl group of Opnq by the Weyl group of SOpnq.
As an application of this proposition let us recall the computation of the cohomology of BOpnq

and BSOpnq.

Proposition 1.9. Let n ě 2 be an integer. Then
‚ If n is odd

H˚pBSOpnqq – H˚pBOpnqq – Qrp1, p2, . . . , ptn{2us

with pi of degree 4i.
‚ If n is even H˚pBOpnqq – Qrp1, . . . , pn{2s with pi of degree 4i.
‚ If n is even H˚pBSOpnqq – Qrp1, . . . , pn{2´1, es with pi of degree 4i and e of degree n.

Moreover, for n even the map H˚pBOpnqq Ñ H˚pBSOpnqq sends pn{2 to e2 (and the other
generators to the generators of the same name).

2. Homotopy orbits of the little disks 8-operad

Let Dn denote the little n-dimensional disks operad. There is an action of Opnq on Dn by
rotating disks. That is, each space Dnpkq has an Opnq-action and the composition maps

Dnpkq ˆ Dnpm1q ˆ ¨ ¨ ¨ ˆ Dnpmkq Ñ Dnpm1 ` ¨ ¨ ¨ `mkq

are Opnq-equivariant, where the source is given the diagonal action. In order to make sense of the
homotopy orbits of Dn with respect to Opnq it is a good idea to treat the space of colours of the
operad in the same way as the space of operations. One way to do this, which is also robust in
homotopical terms, is to take the dendroidal nerve of Dn. This is the functor from category Tree
(denoted Ω in [CM13]) to spaces which to a tree T assigns the product, over the vertices v of T
with |v| incoming edges, of Dnp|v|q. For the tree η, with no vertices, we assign the point. We will
make no notational distinction between the operad and its dendroidal nerve.

We denote by fDn the framed little disks operad, it is a topological operad given by
fDnpkq “ EmbpD\k, Dq

where D denotes a standard open n-disk and Emb denotes the space of smooth embeddings. In
fact this operad comes in two flavors depending of whether we consider orientation preserving
embeddings or arbitrary embeddings. We use the notation fD`

n for the orientation preserving
version and fDn for the other one.

For G “ Opnq or SOpnq, we define the homotopy G-orbits of Dn to be the dendroidal space
pDnqG obtained by taking homotopy orbits objectwise. It is an 8-operad, in the following sense.
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Proposition 2.1. For G “ Opnq or SOpnq, the dendroidal space pDnqhG satisfies the Segal and
completeness conditions.

Proof. To shorten notation, we will write Y :“ pDnqhG for the duration of this proof. Let T be
a tree given as the union of two trees R and S intersecting along an edge e. To verify the Segal
condition, we must check that the map

Y pT q Ñ Y pRq ˆh
Y peq Y pSq

is a weak equivalence. But this is clear since this map is fibered over BG and the fiber is the
isomorphism DnpT q Ñ DnpRq ˆ DnpSq. Completeness is also immediate since the restriction of Y
to linear trees is the homotopically constant simplicial space BG. □

The following proposition shows that the homotopy orbits of Dn is the 8-operad associated to
the framed little n-disks operad. This is not new and, for a different model for 8-operads, follows
from results of [Lur17] as explained in [HKK22, Proposition 2.2].

Proposition 2.2. The Rezk completion of fDn is weakly equivalent to the Opnq homotopy orbits
of Dn. Likewise, the Rezk completion of fD`

n is weakly equivalent to the SOpnq homotopy orbits of
Dn.

Proof. We write the proof in the Opnq case. The other case is completely similar. In preparation
for the proof, we will need to introduce some notation. Given a tree T , we write epT q for its set
of edges and λpT q Ă epT q for its subset of leaves (the root does not qualify as a leaf). The group
mappepT q, Opnqq will be denoted OpT q.

We will write X as short for fDn. For a corolla C, the space XpCq has a natural action of
OpCq by pre and post-composition. Namely, given a smooth embedding f : λpCq ˆ Rd Ñ Rd

and an element g :“ pgeq P OpCq, the element g ¨ f is the embedding λpCq ˆ Rd Ñ Rd whose
restriction to the component corresponding to i P λpCq is ge0fpi,´qg´1

i , where e0 denotes the root.
Correspondingly, for a general tree T the space XpT q “

ś

v XpCvq has an action of OpT q. (Note
epT q is the union of epCvq where v runs over the vertices of T .) These actions are compatible with
respect to morphisms in Tree. Given a morphism R Ñ T in Tree, we have a map epRq Ñ epT q

and a corresponding map OpT q Ñ OpRq. This endows XpRq with an action of OpT q. Then, the
induced map

XpT q Ñ XpRq

is OpT q-equivariant. So we let Z be the dendroidal space whose value at a tree T is the space of
homotopy orbits

ZpT q :“ XpT qhOpT q .

Claim: Z is a complete Segal dendroidal space and the map X Ñ Z is a Rezk completion.
Verifying the Segal condition is similar to the proposition above. Let T be a tree decomposed as

a union of two trees R and S, intersecting along an edge u. We need to show that the canonical
map
(1) XpT qhOpT q Ñ XpRqhOpRq ˆh

XpuqhOpuq
XpSqhOpSq

is a weak equivalence. This map fibers over
(2) BOpT q Ñ BOpRq ˆh

BOpuq BOpSq

where BOpT q – mappepT q, BOpnqq and similarly for the other terms. In particular, the map (2) is
a weak equivalence, as epT q “ epRq Yepuq epSq. The fiber of the map (1) over the map (2)

XpT q Ñ XpRq ˆh
Xpeq XpSq

which is a weak equivalence since X is Segal. Therefore (1) is a weak equivalence, and so Z is
Segal. It is also complete, since the restriction of Z to linear trees is weakly equivalent to the
constant simplicial space BOpnq. The canonical map X Ñ Z is, when restricted to linear trees, the
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completion map from the nerve of Opnq to the constant simplicial space BOpnq. In particular, it is
trivially essentially surjective. So to show that X Ñ Z is a Rezk completion, it remains to show
that it is fully faithful. That means showing, for every corolla C with n edges, that the square

XpCq //

��

ZpCq

��
ś

ePC Xpeq // ś
ePC Zpeq

is homotopy cartesian. But this is tautologically true, since X evaluated on a tree with no vertices is
a point, and the remaining terms form the homotopy fiber sequence XpCq Ñ XpCqhOpCq Ñ BOpCq.

To conclude the proof, observe that the map Dn Ñ fDn Ñ Z factors through pDnqhOpnq and the
resulting factorization pDnqhOpnq Ñ Z is a degreewise weak equivalence, completing the proof. □

Remark 2.3. It is important to remember that taking a fibrant replacement in the model category
of complete dendroidal spaces can change a dendroidal space quite significantly. For example, take
G a topological group and view it as a topological operad concentrated in arity 1. Then NdpGq is
the dendroidal space that sends the linear tree rns to Gn and any other tree to ∅. On the other
hand, a fibrant replacement of this dendroidal space sends any linear tree to BG (and non-linear
trees to ∅). In particular, formality of these two diagrams are very different conditions. In the first
case, it means formality of the Hopf algebra AplpGq whereas in the second case it means formality
of AplpBGq. This explains the apparent discrepancy between our main result and the fact that the
framed little disks operad is not formal in odd dimensions (see [Mor19] and [KW17]).

3. Little disks and some special automorphisms

3.1. A special automorphism of D2. Recall that the group GTQ consists of pairs pλ, fq where
λ P Qˆ and f is an element of the Malcev completion of F2. These pairs are required to satisfy
some equations (see [Dri91, Equation 4.3,4.4 and 4.10]). In particular the pair τ “ p´1, 1q is an
element of GTQ.

Proposition 3.1. Let ψ P Qˆ. There exists an element φ P GTQ whose cyclotomic character is ψ
and which commutes with τ .

Proof. To prove this proposition, we recall some facts about the theory of associators from the
operadic point of view (see [Fre17], [BN98], see also [CRL24] for a survey). There is an operad
PaB in the category of groupoids whose classifying space is a model for the little 2-disks operad.
Applying Malcev completion aritywise yields an operad PaBQ in the category of groupoids enriched
in commutative coalgebras. There is another operad PaCDQ in the category of groupoids enriched
in commutative coalgebras which is the associated graded of PaBQ for the filtration by powers of
the augmentation ideal. We can extend the scalars to any commutative Q-algebra R and produce
PaBR and PaCDR. From this perspective an associator over R is a map of operads

PaBR Ñ PaCDR

which is the identity on the operad of objects (recall that these are operads in groupoids enriched
in coalgebras). A 1-associator is an associator which is moreover the identity in arity 2. This can
be very explicitly described as a power series Φ P RxxX,Y yy which is group-like and satisfies a
pentagon and hexagon identity. This description, in turn, comes from a presentation of the operad
PaB (see [CRL24, Theorem 2.30]).

Similarly, we may introduce the group GTR and GRTR of automorphisms of PaBR and PaCDR

respectively inducing the identity on objects. These two groups are functorial in R and can be
viewed as affine group schemes. Evaluation in arity 2 induces morphisms

GTR Ñ Rˆ and GRTR Ñ Rˆ
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that we call the cyclotomic characters. Conjugation with an associator over R induces an isomor-
phism of groups GTR – GRTR which further commutes with the two cyclotomic characters.

Finally the operads PaBR and PaCDR both admit an involution corresponding topologically to
the complex conjugation action on the little 2-disks operad. An even associator over R is defined
to be an isomorphism PaBR Ñ PaCDR which is a 1-associator and further commutes with the
involutions. This can be explicitly described as a power series Φ as above which further satisfies
the equation

(3) Φp´X,´Y q “ ΦpX,Y q

This fact can be seen as a consequence of the presentation of PaB. An associator is determined by
where it sends the arity three generator µ of PaB (denoted Φ in [CRL24, Theorem 2.30]). This
generator µ is invariant under the involution, so an associator is even if and only if it sends µ to an
element of PaCDR which is invariant under the involution. If we translate this condition into the
power series Φ as in [CRL24, Corollary 2.32], we see that the condition is exactly equation (3).

Finally, the main point is that Drinfel’d has shown [Dri91, Proposition 5.4] that rational even
associators exist. Moreover, the group GRTQ splits as a semi-direct product GRTQ – GRT1

Q ¸ Qˆ.
It follows that we can obtain the desired element of GTQ by conjugating p1, ψq P GRTQ with any
rational even associator. □

3.2. A special automorphism of Dn. For X a space, we denote by XQ the rationalization of
X in the sense of Bousfield. The functor X ÞÑ XQ is symmetric monoidal in the 8-categorical
sense. In particular, if P is a topological operad that we think of as a dendroidal space satisfying
Segal condition, we may form PQ by applying rationalization objectwise. We have an equivalence
of functors from Tree to CDGA.

AplpPq » AplpPQq

Proposition 3.2. Let µ P Qˆ, let n ě 3. There is an automorphism φ of pDnqQ such that
(1) The induced action of φ˚ on HipDnq is by multiplication by µi{2 if n is odd and by µni{2pn´1q

if n is even.
(2) The automorphism φ induces an automorphism of the 8-operad ppDnqQqhOpnq.
(3) The induced action of φ˚ on HipBOpnqq is by multiplication by µi{2.

Before proving this proposition, let us make some comments. Note that the cohomology of Dn is
concentrated in degrees that are multiples of n´ 1, and the cohomology of BOpnq is concentrated
in even degrees, so all the exponents of µ that appear in the proposition are integers.

Condition (2) implies in particular that BOpnqQ has an action of φ since this space is the value
of ppDnqQqhOpnq at linear trees. This is the action that we refer to in part (3). Moreover (2) is
asserting that the action of φ on D2n is Opnq-equivariant in a “twisted” sense. Precisely, it does not
commute with the Opnq action but commutes with it up to a non-trivial automorphism of Opnq.

Proof. We denote by X ÞÑ X^ the pro-unipotent completion of a space. This is related to the
rationalization in nice cases (see [BdBH21, Proposition 2.11]) but better behaved for our purposes
in non-simply connected situations.

In order to construct automorphisms of pDnqQ, we use the following sequence of equivalences
from [BdBH21]:

AutppDnqQq Ñ AutppD^
n qQq Ñ Autppj˚D^

n qQq Ñ Autppj˚D^
2 q

btn{2u

Q pbj˚D1qq

where in the last automorphism space the factor j˚pD1q is present if n is odd and absent if n is even.
The first of these maps is a weak equivalence by the fact that Dn is simply connected [BdBH21,
Proposition 2.11]. For the second map, j˚ denotes the restriction functor induced by a certain
functor j : simppFinq Ñ Tree from the category of simplices of the nerve of Fin. It induces an
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equivalence by [BdBH21, Proposition 6.3]. Finally the last map is an equivalence by the additivity
theorem of [BdBW18] which remains true after completion by [BdBH21, Theorem 5.5].

Now, the operad PaBQ in the previous proposition is a model for D^
2 , the pro-unipotent

completion of the operad D2. Let us write φ1 for the automorphism of D^
2 corresponding to µ in

Proposition 3.1. In the even case, consider the box product of n{2-copies of φ1 and in the odd case,
consider the box product of tn{2u copies of φ1 with one copy of the identity of D1. In either case,
this produces an automorphism of pDnqQ thanks to the sequence of equivalences above. We call
this automorphism φ and check that it satisfies the three conditions. For condition (1), this follows
from the fact that this automorphism acts with degree µtn{2u in arity 2 [BdBH21, Propositions 7.2
and 8.2].

It remains to prove condition (2) and (3). We first prove that the analogous conditions are
satisfied with Opnq replaced by its maximal torus T (see subsection 1.3 for details about the
maximal torus and its Weyl group). In the odd or even dimensional cases, the decomposition that
we have chosen is compatible with the action of T so (2) follows easily. Part (3) can be reduced the
case n “ 2 by additivity. But this case follows from the fact that

Auth
ppD2qQq » GTQ ˙ SOp2qQ

where the semi-direct product structure is defined through the cyclotomic character. In particular
our automorphism φ acts with degree µ on SOp2qQ “ S1

Q which implies (3).
Now we prove (2) and (3) for the group Opnq. For this it suffices to use the equation

ppDnqQqhOpnq » pppDnqQqhTqhW.

Therefore, we just need to prove that the action of φ on ppDnqQqhT is compatible with the W-action.
This is clear for the symmetric group part of W (see subsection 1.3 for an explicit description of
W). For the pC2qtn{2u subgroup, this comes from the fact that the automorphism φ1 of pD2qQ that
we had chosen commutes with τ . □

4. Purity and filtered formality

In this section we prove abstract results on filtered complexes, generalizing the results of Er-
formality of filtered commutative dg-algebras of [CG14] and of symmetric monoidal functors of
[CH20] in the setting of mixed Hodge structures. The main idea is that, given a filtered commutative
dg-algebra A together with an automorphism φ, then the purity conditions on the eigenvalues
of φ˚ acting on a certain page of its associated spectral sequence, give a quasi-isomorphism of
commutative dg-algebras between A and the penultimate page of its associated spectral sequence,
viewed as a commutative dg-algebra. We prove this functorially.

Throughout this section we fix a unit ξ in Q different from ˘1.

Definition 4.1. Let V be a Qrφs-module V which is finite dimensional as a Q-vector space and
let i be an integer. We say that V is pure of weight i if either V “ 0 or i is an integer and the only
eigenvalue of φ is ξi.

Proposition 4.2. Let V and V 1 be two complexes of Qrφs-modules. Assume that, for all k ě 0,
(1) HkpV q and HkpV 1q are of finite dimension, and
(2) HkpV q is pure of weight i and HkpV 1q is pure of weight i1.

Then, if i ‰ i1, we have MapDpQrφsqpV, V 1q » 0.

Proof. The ring Qrφs is of homological dimension 1 so we may assume that V and V 1 have
cohomology concentrated in a single degree which can even be assumed to be zero up to shifting.
The modules V and V 1 then split as a direct sum of factors of the form Qrφs{pfq in which the
roots of f are ξi and ξi1 respectively. The result now follows from the general fact that for coprime
elements f and g in a PID R, we always have MapDpRqpR{f,R{gq “ 0. □
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The following is an abstract statement of the fact that purity implies formality.

Theorem 4.3. Let α ‰ 0 be a rational number. When restricted to cochain complexes A in
DpQrφsqq whose cohomology HipAq is pure of weight αi, there is an equivalence of strong symmetric
monoidal 8-functors H » Id, where H : DpQrφsq Ñ DpQrφsq is the cohomology functor.

Although this result can be proven directly, we will give a proof in a more general setting of
filtered complexes.

Denote by DrpFRq the 8-category of filtered cochain complexes of R-modules (with non-negative
increasing filtrations), where the weak equivalences are given by those maps of filtered complexes
inducing an isomorphism at the Er`1-page of the associated spectral sequences. This may be
presented by the model structure obtained in [CELW20].

By Theorem 2.19 of [CG16], for all r ě 0 there are symmetric monoidal equivalences of 8-
categories

Dec : Dr`1pFRq ÝÑ DrpFRq,

where Dec denotes Deligne’s décalage functor, defined on a filtered complex pA, d,W q by

DecWiA
n :“ Wi´nA

n X d´1pWi´n´1A
n`1q.

Note that the spectral sequences of a filtered complex and its décalage are related by a shift on
their pages: there is a natural quasi-isomorphism of bigraded complexes

E´i,j
0 pDecAq ÝÑ Ej´2i,i

1 pAq

inducing isomorphisms at the later pages (see [Del71]).
Let α ‰ 0 be a rational number. Denote Dα

0 pFQrφsq the full subcategory of D0pFQrφsq spanned
by those filtered complexes pA,W q such that:

(i) For all i ě 0, H˚pGrW
i Aq is finite-dimensional.

(ii) If αi is an integer, then E´i,j
1 pAq is pure of weight αi. Otherwise E´i,j

1 pAq “ 0.
For r ě 0, denote by Dα

r pFQrφsq the full subcategory of DrpFQrφsq spanned by objects A such
that Decr

pAq lies in Dα
0 pFQrφsq.

Remark 4.4. A sufficient condition for a filtered complex of Qrφs-modules to lie in Dα
r pFQrφsq is

that E´i,j
r`1 pAq is finite-dimensional and pure of weight αpp1 ´ rqi` jrq whenever this number is an

integer, and zero otherwise. Of course this property is stable under turning pages in the spectral
sequence so it suffices for it to be satisfied at some page Eℓ with ℓ ď r.

Given a filtered complex A, then for all r ě 0 the Er-term of its associated spectral sequence
may also be viewed as a filtered complex with filtration given by

WpErpAqn :“
à

iďp

E´i,n`i
r pAq.

In particular, we may view Er as a symmetric monoidal endofunctor in DrpFQrφsq.

Theorem 4.5. When restricted to Dα
r pFQrφsq, there is an equivalence of strong symmetric monoidal

8-functors Er » Id.

Proof. We will proceed by induction over r ě 0.
The base case of the induction is r “ 0. In this case, consider the two functors

Gr : Dα
0 pFQrφsq Ô DpQrφsqN : U

where Gr is the associated graded functor and U is the functor that takes a graded complex tAkukPN
to the filtered complex

WiUpAq :“
à

kďi

Ak



EQUIVARIANT FORMALITY OF THE LITTLE DISKS OPERAD 11

We claim that the functor Gr is fully faithful. Assuming this for the moment, the result can be
deduced as follows. In order to prove that E0 is equivalent to Id, it suffices to prove that Gr ˝E0 is
equivalent to Gr. The functor E0 is simply the composite U ˝ Gr, since Gr ˝ U – Id, the result
follows immediatly.

Now, we prove that Gr is fully faithful. Let C “ tWiCuiPN and D “ tWiDuiPN be two objects
in Dα

0 pFQrφsq. We wish to prove that the map

MapDα
0 pFQrφsqpC,Dq Ñ

ź

i

MapDpQrφsqpGripCq, GripDqq

is an equivalence.
We view both the source and target as functors of C and D. Clearly, both the source and target

preserve colimits in the C variable. We have an equivalence

C » colimiWiC

where WiC is equipped with the induced filtration :

W0C Ñ . . . Ñ Wi´1C Ñ WiC
id

ÝÑ WiC
id

ÝÑ . . .

It follows that we can reduce the proof to the case where C has a finite filtration. Now, we observe
that we have a cofiber sequence

Wi´1C Ñ WiC Ñ GriC

which can be viewed as a cofiber sequence of filtered objects in which GriC is equipped with the
filtration

WjpGriCq “ GriC if i ď j

“ 0 else.

From this observation, we see that we may reduce to the case in which C is such that WpC “ 0 for
p ă i and WpC “ GripCq for p ě i. For this specific C, we see that the map that we are considering
is simply

MapDpQrφsqpGriC,WiDq Ñ MapDpQrφsqpGriC,GriDq

In order to prove that this map is an equivalence, it is enough to prove that its fiber is zero. This
fiber is simply the mapping space MapDpQrφsqpGriC,Wi´1Dq. By a similar inductive argument, we
may reduce to proving that

MapDpQrφsqpGriC,GrkDq “ 0
for all k ă i. This follows from the proposition 4.2 and finishes the proof in the case r “ 0.

For r ą 0, we have a commutative diagram

Dα
r pFQrφsq

Dec
��

Er // Dα
r pFQrφsq

Dec
��

Dα
r´1pFQrφsq

Er´1 // Dα
r´1pFQrφsq

where Dec are equivalences of 8-categories and Er´1 is naturally equivalent to the identity by
induction hypothesis. Therefore

Er » Dec´1
˝ Er´1 ˝ Dec » Dec´1

˝ Id ˝ Dec » Id. □

Proof of Theorem 4.3. Given a complex A, endow it with the canonical filtration τ . Then, the
purity condition on H˚pAq makes pA, τq into an object in Dα

0 pFQrφsq. Therefore pE0pAq, d0q is
naturally quasi-isomorphic to A. But since τ is the canonical filtration, we have E0pAq » HpAq. □



12 PEDRO BOAVIDA, JOANA CIRICI AND GEOFFROY HOREL

5. Prelude

Before proving the main theorem let us illustrate how the abstract machinery of Section 4 on
purity and filtered formality may be applied to a couple of simple particular situations.

First, let us consider CPn with its G :“ PGLn`1pCq-action. Then we have
E´i,j

1 pAGpCPnqq “ Hj´2ipBGq bHipCPnq ñ Hj´i
G pCPnq.

Since both CPn and G are defined over Z, by usual étale cohomology arguments, after extending
scalars to Qℓ we can equip AGpCPnq with a Frobenius action φ in such a way that E´i,j

1 pAGpCPnqq

becomes pure of weight j ´ i. This gives that, for all i, Hi
GpCPn;Qℓq is pure of weight i. By

Theorem 4.3 we obtain that CPn is G-equivariantly formal over Qℓ. By descent of formality for
maps of commutative dg-algebras the same is true over Q.
Remark 5.1. Note that even for n “ 1, the Leray-Serre spectral sequence does not collapse
multiplicatively. Indeed, in that case, the inclusion Up1q Ñ PGL2pCq given by

a ÞÑ

„

a 0
0 1

ȷ

is a homotopy equivalence and the computation is the same as in Example 7.1.
A similar argument gives the following general result.

Theorem 5.2. Let X be a smooth complex projective variety together with an action of an algebraic
group G. Then X is G-equivariantly formal.

To prove this, one just needs to enlarge the notion of weight by considering complexes A over
Qℓrφs such that the eigenvalues of φ˚ on the cohomology HipAq are Weil numbers of weight i. The
splitting Theorem 4.3 works as well for this bigger category.
Remark 5.3. In [Lil03], it is shown that compact Kähler manifolds with holomorphic actions are
equivariantly formal under the assumption that the Leray-Serre spectral sequence degenerates at
E2. Note that our argument shows that this is always the case for smooth projective varieties.
Also, [Scu07] proves formality for holomorphic torus actions on simply connected compact Kähler
manifolds, in the genuine equivariant setting.

As another illustrative example, we consider configuration spaces of points in Cn, together with
their GLnpCq-action. Let us first recall their cohomology, which will also be useful in proving the
main theorem.
Theorem 5.4 (Arnold, Cohen). There is an isomorphism of rings

H˚pConfkpRnqq – Qrxijs{px2
ij , xij ´ p´1qnxji, xijxjk ` xjkxki ` xkixijq

where 1 ď i, j ď k and i ‰ j and the classes xij are of degree n´ 1.
Theorem 5.5. The space ConfkpCnq is GLnpCq-equivariantly formal over Q.
Proof. To lighten notation, we write X “ ConfkpCnq and G “ GLnpCq. The action is algebraic so,
using étale cohomology arguments, after extending scalars to Qℓ we can equip both X and BG
with a Frobenius action. In this case, HipBG;Qℓq is pure of weight i and HjpX;Qℓq is pure of
weight 2nj{p2n´ 1q (see [CH22]). This gives that, over Qℓ, the group

E´i,j
1 pAGpXqq “ Hj´2ipBG;Qℓq bHipX;Qℓq

is pure of weight 1
2n´1 pp2 ´ nqi` 2njq. Therefore AGpXqbQℓ lands in the category Dα

2n´1pFQℓrφsq,
with α “ 1

2n´1 . By Theorem 4.5, we obtain that a model for AplpXhGq b Qℓ is given by the E2n´1-
page of AGpXqbQℓ, which is also the E2n-page of the Leray-Serre spectral sequence. The differential
of this page is determined by d2n : H2n´1pXq Ñ H2npBGq since the cohomology of X is generated
as a ring by H2n´1pXq. The map d2n sends the generators xij to cn where cn P H2npBGq is the
top Chern class.
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2n´1 ‚

2
‚

4
‚

¨ ¨ ¨ 2n
‚

d2nLSE2n “

Now, to prove formality of AplpXhGqbQℓ it suffices to build a quasi-isomorphism of commutative
dg-algebras between pLSE2n, d2nq and its cohomology. The cohomology is given by

LSE2n`1 “ pKer d2n XH˚pXqq bH˚pBGq{pcnq.

The quotient H˚pBGq{pcnq is isomorphic to a subalgebra of H˚pBGq so we obtain an inclusion

pLSE2n`1, 0q ãÑ pLSE2n, d2nq

which is obviously a quasi-isomorphism. This proves G-equivariant formality of X over Qℓ, which
can then be descended to Q. □

Remark 5.6. The theorem above recovers the known fact that M0,k`1, the moduli space of genus
0 curves with k ` 1 marked points, is formal. Indeed, the Borel construction ConfkpCqhGL1pCq is
equivalent to the quotient ConfkpCq{GL1pCq, since the action is free, and this quotient is equivalent
to M0,k`1 “ Confk`1pP1q{PGL2pCq.

Remark 5.7. The theorems above capture the essence of the proof of our main theorem. However,
there are several reasons that made the strategy explained above insufficient for our purposes.

(1) It only gives formality with Qℓ-coefficients.
(2) It is not clear that the Galois action will be compatible with operadic composition.
(3) It only works in even dimensions.
(4) In the even dimensional case, it gives GLnpCq » Upnq-equivariant formality instead of

Op2nq-formality.
We believe that the first three problems could be overcome. The first one is the very classical
problem of descent of formality which is well-known to hold for individual commutative dg-algebras
(see [HS79]) and may be easily extended to morphisms, but a proof of functorial descent of formality
seems to be missing from the literature. To solve the second one, we would need to argue that
the little disks operad is an algebro-geometric object so that the Galois action is compatible with
operadic composition. This is exactly the content of the paper [BdBHK24]. The third problem could
be solved by additivity as in the present paper. The last problem though seems very difficult to
avoid as it is a classical fact that the only element of the absolute Galois group of Q that commutes
with complex conjugation is the identity so there does not seem to be possible to construct an
automorphism of Dn that satisfies the requirements of Proposition 3.2 using merely the absolute
Galois group action.

6. Proof of the theorem

Let G be Opnq or SOpnq. From the previous sections we have a functor T ÞÑ AGpDnpT qq from
the category Tree to filtered commutative dg-algebras over Q. This has an associated spectral
sequence and we consider the functor given by its En´1-page. If n is odd, then this functor has
trivial differential. The following proposition deals with the case when n is even.

Proposition 6.1. The functor T ÞÑ E2n´1pAGpD2npT qqq is formal, for G equal to SOp2nq and
Op2nq.
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Proof. We first consider the case when G “ SOp2nq. The category Tree contains two types of
objects: the linear trees and the non-linear trees. If T is linear, D2npT q » ˚ and the Leray-Serre
spectral sequence is simply

LSEi,j
2 “ HipBSOp2nqq ñ HipBSOp2nqq

In this case, formality is trivial. If T is non-linear, the Leray-Serre spectral sequence is given by
LSEi,j

2 “ HipBSOp2nqq bHjpD2npT qq ñ Hi`j
SOp2nq

pD2npT qq

By Proposition 5.4 the cohomology algebra H˚pD2npT qq is generated by H2n´1pD2npT qq so by
multiplicativity of the spectral sequence, the differential d2n is determined by its restriction
to H2n´1pD2npT qq. This restriction sends all the algebra generators to the Euler class e in
H2npBSOp2nqq. The quotient H˚pBSOp2nqq{peq is isomorphic to H˚pBSOp2n ´ 1qq and can
naturally be viewed as a subalgebra of H˚pBSOp2nqq, the subalgebra generated by Pontryagin
classes pi for i ă n. It follows that we have an injection

(¸) H˚pBSOp2n´ 1qq b pKer d2n XH˚pD2npT qqq ãÑ LSE2n “ H˚pBSOp2nqq bH˚pD2npT qq

which is a map of commutative dg-algebras. Moreover, it is straightforward to check that this map
is a quasi-isomorphism.

Let us denote by T ÞÑ HpT q the assignment given by sending T to H˚pBSOp2nqq if T is linear
or

H˚pBSOp2n´ 1qq b pKer d2n XH˚pD2npT qqq

if T is not linear. We claim that this assembles into a functor on Tree. The functoriality is obvious
for maps between linear trees and for maps between non-linear trees. Now, we observe that in
Tree, there are no maps from non-linear trees to linear trees. So it simply remains to define the
functoriality for maps from a linear tree to a non-linear tree. In that case, we have the map

H˚pBSOp2nqq – H˚pBSOp2nqq b Q ρb1
ÝÝÑ H˚pBSOp2n´ 1qq b pKer d2n XH˚pD2npT qqq

where ρ is the canonical map H˚pBSOp2nqq Ñ H˚pBSOp2n´ 1qq.
We have just explained how to construct, for each T , a quasi-isomorphism

HpT q Ñ E2n´1pASOp2nqpD2npT qqq.

One easily checks that this is a natural quasi-isomorphism. This proves formality of the commutative
dg-algebra E2n´1pASOp2nqpD2npT qqq.

To prove formality for the algebra E2n´1pAOp2nqpD2npT qqq, we use that there is a C2-action on
E2n´1pASOp2nqpD2npT qqq whose fixed points is precisely E2n´1pAOp2nqpD2npT qqq. We construct a
C2-action on HpT q using the obvious action on H˚pBSOp2nqq if T is linear and the restriction
of the C2-action of E2n´1pASOp2nqpD2npT qqq along the inclusion (¸) when T is not linear. This
C2-action is functorial for trees and the map HpT q Ñ E2n´1pASOp2nqpD2npT qqq defined above
is C2-equivariant. Therefore, taking C2-fixed points of this map gives functorial formality of
E2n´1pAOp2nqpD2npT qqq. □

Theorem 6.2. Let G be Opnq or SOpnq. The little n-disks operad Dn is G-equivariantly formal.

Proof. Let ξ be a square in Qˆ different form ˘1. Let µ be a square root of ξ. Using this choice
of µ in Proposition 3.2, we can promote the functor AGpDnpT qq to a functor from Tree to the
category D0pFQrφsq of filtered complexes of Qrφs-modules up to E1-isomorphisms. Composed with
the forgetful functor to complexes of Q-vector spaces we recover the functor

T ÞÑ AplpDnpT qhGq.

In the odd case, we get that E´i,j
1 pAGpDnqq is pure of weight j ´ i, so Theorem 4.3 implies

formality.
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In the even case, we get that E´i,j
1 pAGpDnqqis pure of weight 1

n´1 ripn´ 2q ` jpn´ 1qs so this
fits in Theorem 4.5 with α “ 1{pn ´ 1q and r “ n ´ 1. Therefore we get a functorial model of
AplpDnpT qhGq, given by the penultimate page of the Leray-Serre spectral sequence, together with
its differential. The result now follows from Proposition 6.1. □

For applications in manifold calculus, it is useful to understand the Opnq-equivariant homotopy
type of the map Dn Ñ Dn`c induced by the standard embedding Rn Ñ Rn`c. In this case, we
have the following variant of our main theorem.

Theorem 6.3. Let n ě 3 and c ě 2. Let G “ Opnq or G “ SOpnq. The map Dn Ñ Dn`c induced
by the standard inclusion of Rn in Rn`c is G-equivariantly formal.

Proof. As in Proposition 3.2, for any two units µ and ν in Q, we may construct an automorphism
φ of the map pDnqQ Ñ pDn`cqQ satisfying the following conditions

(1) The induced action of φ˚ on HipDnq is by multiplication by µi{2 if n is odd and by µni{2pn´1q

if n is even.
(2) The induced action on HipDn`cq is by multiplication by pµpn´1q{2νqi{pn`c´1q if n is odd or

pµn{2νqi{pn`c´1q if n is even.
(3) The automorphism φ induces an automorphism of the map of 8-operads

ppDnqQqhOpnq Ñ ppDn`cqQqhOpnq.

(4) The induced action of φ˚ on HipBOpnqq is by multiplication by µi{2.
This is constructed by taking the box product of the automorphism that we construct in Proposition
3.2 and any automorphism of pDcqQ that acts with degree ν in arity 2 (which exists by [BdBH21,
Theorem 7.1]).

Now, take ξ “
?
µ and ν “ ξc if n is odd or ν “ ξ

cn
n´1 if n is even (since we have freedom in µ,

we can assume that these powers exist in Qˆ). Then, in the even case, the map

AGpDn`cq Ñ AGpDnq

gets promoted to a map in Dα
r pFQrφsq with α “ 1{pn´ 1q and r “ n´ 1. In the odd case, it is a

map in the category of cochain complexes satisfying the condition of Theorem 4.3. In either case,
we get formality of the map. □

7. Equivariant cohomology ring of configuration spaces

Let G be SOpmq or Opmq. By Theorem 6.2, a model for the Borel construction of G acting on
ConfℓpRmq is given by the rational equivariant cohomology ring. In this section, we compute these
cohomology rings. The cases m even or m odd behave very differently.

7.1. Examples in the case of two points. Before we explain the general case, we illustrate this
in two examples, for two points and in low dimension m.

Example 7.1. Consider the action of S1 on Conf2pR3q. The E2-page splits as a tensor product
H˚pBS1q b H˚pS2q. For degree reasons there are no differentials in this spectral sequence. But
the E2 page is not multiplicatively isomorphic to the cohomology of the Borel construction, i.e. the
Borel fibration is not rationally trivial.

To describe the equivariant cohomology ring, we observe that the action of S1 on Conf2pR3q » S2

is the suspension of the action of S1 on itself, and so the Borel construction is the wedge BS1 _BS1.
This gives the cohomology ring

H˚pConf2pR3qhS1 q – Qra, bs{pabq
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where |a| “ |b| “ 2. The action of W “ C2 on BS1 _BS1 exchanges the summands, so exchanges a
and b. (It corresponds to the degree one map on S2 given by px, y, zq ÞÑ py, x,´zq.) The homotopy
fiber sequence

Conf2pR3q Ñ Conf2pR3qhS1 Ñ BS1

is equivalent to the homotopy fiber sequence S2 Ñ CP8 _ CP8 Ñ CP8, where the first map is
the fold map S2 Ñ S2 _ S2 composed with the inclusion of the 2-skeleton. In cohomology, this
sequence has the form Qrqs Ñ Qra, bs{pabq Ñ Qrxs{x2 where q ÞÑ a ´ b and a, b ÞÑ x. Changing
variables, x “ a and q “ a´ b, we have

H˚pConf2pR3qhS1 q – Qrx, qs{xpx´ qq ,

where |x| “ |q| “ 2. The corresponding C2-action on this algebra sends x ÞÑ x ´ q and q ÞÑ ´q.
Setting y “ 2x´ q, we have H˚pConf2pR3qhS1 q – Qry, qs{py2 ´ q2q. Now,

H˚pConf2pR3qhSOp3qq – H˚pConf2pR3qhS1 qC2

and it follows that H˚pConf2pR3qhSOp3qq – Qry, q2s{py2 ´ q2q. This calculation is consistent with
the fact that the SOp3q-homotopy orbits of S2 is equivalent to BS1.

As for the Σ2-action on Conf2pR3qhS1 which permutes labels, it sends x ÞÑ q ´ x and q ÞÑ q.
And for Conf2pR3qhSOp3q it sends y to ´y.

Example 7.2. Now, consider the case of Conf2pR4q » S3 with its Op4q-action. First, we restrict
this action to the maximal torus T “ S1 ˆ S1. The Borel construction is then given by the wedge
BS1 _BS1 as can be seen from the following T-equivariant homotopy cocartesian square

S1 ˆ S1

��

// S1 ˆD2

��
D2 ˆ S1 // S3

In this case the E2 page of the Leray-Serre spectral sequence is given by

E˚,˚
2 “ H˚pBTq bH˚pS3q “ Qrq1, q2s b Qrxs{x2

There is a unique differential d4 determined by

d4pxq “ q1q2

The E5-page is thus Qrq1, q2s{pq1q2q which is indeed the cohomology of the wedge.
Finally we consider the action of SOp4q and Op4q. The spectral sequences are the Weyl fixed

points of the previous one. Here W is Σ2 ˙ C2 and Σ2 ˙ pC2q2, respectively. For SOp4q, the Weyl
fixed points of the E2-page can be identified with the subalgebra generated by q2

1 ` q2
2 , q1q2 and x

with differential d4pxq “ q1q2. Therefore the E5-page is

E˚,˚
5 “ Qrq2

1 ` q2
2s.

For Op4q, the Weyl fixed points of the E2-page is Qrq2
1 ` q2

2s and so in this case d4 ” 0. In fact, the
Borel construction relative to Op4q and SOp4q is in both cases rationally equivalent to HP8.

7.2. General case in even dimensions. In the even dimensional case m “ 2n, the Leray-Serre
spectral sequence does not degenerate at the E2-page, but the E2n`1-page is multiplicatively
isomorphic to the cohomology. For G “ SOp2nq, we have

H˚
SOp2nq

pConfℓpR2nqq – H˚pBSOp2n´ 1qq bK,

where K is the kernel of the differential d2n restricted to the zeroth-column of the Leray-Serre
spectral sequence, i.e. H˚pConfℓpR2nqq. It is determined by d2npxijq “ e, where e is the Euler
class.
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For G “ Op2nq we have to take C2-fixed points of the above formula. This gives
H˚

Op2nq
pConfℓpR2nqq – H˚pBSOp2n´ 1qq bKC2 .

The C2-fixed points of H˚pConfℓpR2nqq are the elements of degree 2ip2n ´ 1q, i ě 1. So KC2 is
simply the intersection of K with ‘iH

2ip2n´1qpConfℓpR2nqq.

7.3. General case in odd dimensions. In the odd dimensional case, the situation is harder. The
Leray-Serre spectral sequence degenerates at the E2-page, but not multiplicatively. So we must
argue differently. Although we take coefficients in Q, the results in this section should apply if
coefficients are taken in a ring where 2 is invertible.

Proposition 7.3. The Tn-equivariant cohomology of ConfℓpR2n`1q is isomorphic to the algebra
generated by yij , 1 ď i ă j ď ℓ, and q1, . . . , qn, with yij of degree 2n and qu of degree 2, modulo the
modified Arnol’d relation

yijyjk ´ yjkyik ´ yikyij ` pn “ 0
and the relation y2

ij “ pn , where pn “ pq1 . . . qnq2.

Proof. We make a start by setting ℓ “ 2. The action of Tn on Conf2pR2n`1q » S2n is the suspension
of the action of Tn on the equator S2n´1. Therefore, the homotopy orbits of the Tn-action on S2n

is identified with the pushout of
BTn Ð pS2n´1qhTn Ñ BTn

The cohomology of this pushout is the fiber product
P :“ H˚pBTnq ˆH˚pS2n´1

hTn q
H˚pBTnq .

We know H˚pS2n´1
hTn q – Qrq1, . . . , qns{pq1 . . . qnq (e.g. from proposition 6.1 or by noticing that

S2n´1
hTn is the base change of BSOp2n´ 1q Ñ BSOp2nq along the inclusion BTn Ñ BSOp2nq and

the Euler class e P H2npBSOp2nqq is mapped to q1 . . . qn). And the two maps in the fiber product
Qrq1, . . . , qns Ñ Qrq1, . . . , qns{pq1 . . . qnq

send qi to qi and ´qi, respectively. (The difference in sign has to do with the fact that the action
of Tn on the top hemisphere of S2n is the reflection of the action on the bottom hemisphere.) An
element of P corresponds to a pair pf´, f ` q1 . . . qngq where f , f´ and g belong to Qrq1, . . . , qns

and f´pq1, . . . , qnq :“ fp´q1, . . . ,´qnq. Then we may define a map
P Ñ Qrx, q1, . . . , qns{px2 ´ xq1 . . . qnq

by sending pf´, f ` q1 . . . qngq to f ` xg, where x is of degree 2n. This is an isomorphism
of Qrq1, . . . , qns-algebras with inverse sending qi to p´qi, qiq and x to p0, q1 . . . qnq. Under the
substitution y :“ 2x´ q1 . . . qn, we get the presentation Qry, q1, . . . , qns{py2 ´ p2

nq in the statement.
This settles the case of two points.

Moving on, for an arbitrary ℓ and i, j P t1, . . . ℓu, let πij denote the projection
ConfℓpR2n`1q Ñ Conf2pR2n`1q

and consider the diagram with horizontal maps induced by the projections

biăjH
˚pConf2pR2n`1qhTn q

��

// H˚pConfℓpR2n`1qhTn q

��
biăjH

˚pConf2pR2n`1qq // H˚pConfℓpR2n`1qq

The lower horizontal map is surjective (it enforces the Arnol’d relation). The left-hand map is
identified with the tensor product, over i, j, of the map

Qrxij , q1, . . . , qns{px2
ij ´ xijq1 . . . qnq Ñ Qrxijs{x2

ij .
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which sends xij to xij and each qu to zero (c.f. example 7.1). In terms of the generators
yij :“ 2xij ´ q1 . . . qn, this is the map

Qryij , q1, . . . , qns{py2
ij ´ p2

nq Ñ Qrxijs{x2
ij

which sends yij to 2xij and each qu to zero. Now pick a basis of H˚pConfℓpR2n`1qq by monomials
in the 2xij , call it tbuu. This basis lift to a preferred basis tb1

uu of H˚pConfℓpR2n`1qhTn q by lifting
it across the diagram above. The map

H˚pConfℓpR2n`1qq bH˚pBTnq Ñ H˚pConfℓpR2n`1qhTn q

which sends bu b q to b1
uq is an isomorphism of H˚pBTnq-modules by the Leray-Hirsch theorem.

(In particular, 2xij is sent to yij under this isomorphism.) The map

Qrtyiju, q1, . . . , qns Ñ H˚pConfℓpR2n`1qhTn q

induced by the projection maps πij , respects the relation y2
ij ´ p2

n “ 0 by construction. As for the
Arnol’d relation, it is enough to verify it for three points since yijyjk ´ yjkyik ´ yikyij ` pn is in
the image of the map

H˚pConf3pR2n`1qhTn q Ñ H˚pConfℓpR2n`1qhTn q

induced by forgetting all points but i, j, k. Now, the composition with

H˚pConf3pR2n`1qhTn q Ñ H˚pConf3pR2n`1qq

satisfies the Arnol’d relation. This means we have relations of the form

pyijyjk ´ yjkyik ´ yikyijq ` fijyij ` fjkyjk ` fikyik ` gpq1, . . . , qnq “ 0

in H˚pConf3pR2n`1qhTn q for some polynomials fij , fjk, fik and g in the variables q1, . . . , qn. The
claim is the polynomials f are zero and g “ pn. To see this, take a section s of pij which adds a
far away point in p0,8q ˆ t0u Ă R1 ˆ R2n “ R2n`1. By construction, s is Tn-equivariant and so
descends to a map

H˚pConf3pR2n`1qhTn q Ñ H˚pConf2pR2n`1qhTn q

sending yij to yij , and sending yjk and yik to q1 . . . qn. The image of our relation reads

yijq ´ q2 ´ qyij ` fijyij ` fjkq ` fijq ` g “ 0

where q is short for q1 . . . qn. As such, fij must be zero. In the same way, by choosing an appropriate
section of pjk and pik, we conclude that fjk and fik are also zero. And then we are left with the
identity g “ q2.

Having described the map

Qrtyiju, q1, . . . , qns{relations Ñ H˚pConfℓpR2n`1qhTn q

what remains to do is showing that it is an isomorphism. By dimension counting, e.g. inducting up
on length of the monomials in the yij , the two vector spaces have the same dimension. Finally, the
map is surjective since every basis element b1

u is in the image. □

Remark 7.4. Here is an illuminating graphical description of the algebra from proposition 7.3.
The elements are linear combinations of graphs with set of vertices t1, . . . , ℓu with coefficients in
Qrq1, . . . , qns. These graphs are allowed to have multiple edges connecting vertices but no edges
connecting a vertex to itself. However, the edges are not ordered, nor oriented. The relations on
these graphs are of two kinds: the relation which says that a double edge may be removed at the
expense of multiplying the resulting graph by pn “ pq1 . . . qnq2, and the modified Arnol’d relation.
Below is the graphical representation of the relations.
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i
‚

j
‚ “ pn

i
‚

j
‚

i
‚

j
‚

k
‚ ´

j
‚

i
‚

k
‚ ´

i
‚

j
‚

k
‚ “ ´pn

i
‚

j
‚

k
‚

The multiplication is given by superposition (or union) of graphs and multiplication of coefficients.
The non-equivariant cohomology of ConfℓpR2n`1q (Theorem 5.4) has a similar, and well-known,
graphical description. In cohomology, the map ConfℓpR2n`1q Ñ ConfℓpR2n`1qhTn is given by

i
‚

j
‚ ÞÑ 2

i
‚

j
‚

The SOp2n` 1q-equivariant cohomology of ConfℓpR2n`1q is isomorphic to the W-fixed points of
the Tn-equivariant cohomology, where W Ă pΣn ˙Cn

2 qˆC2 is the Weyl group as in section 1.3. The
Weyl group acts on the coefficients Qrq1, . . . , qns by permuting the qi and changing sign. And it fixes
the generators yij . (To see this, recall from the proof of proposition 7.3 that yij “ 2xij ´ q1 . . . qn.
An element pσ, ϵ1, . . . , ϵn, ηq P W acts as q1 . . . qn ÞÑ ηq1 . . . qn (recall η “ signpσqϵ1, . . . , ϵn), acts as
xij ÞÑ xij ´ q1 . . . qn if η “ ´1 and as xij ÞÑ xij if η “ 1). So we deduce:

Proposition 7.5. The SOp2n` 1q-equivariant cohomology of ConfℓpR2n`1q is isomorphic to the
algebra generated by yij, 1 ď i ă j ď ℓ and p1, . . . , pn, with yij of degree 2n and pu of degree 4u,
modulo the Arnol’d relation

yijyjk ´ yjkyik ´ yikyij ` pn “ 0
and the relations y2

ij “ pn.

Finally, the Op2n` 1q-equivariant cohomology is the subalgebra generated by yijykℓ with i ă j
and k ă ℓ and the Pontryagin classes pu with u ď n. As a vector space is it isomorphic to

H˚pBOp2n` 1qq b
`

‘jH
4jnpConfℓpR2n`1qq

˘

.
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[NA87] V. Navarro-Aznar, Sur la théorie de Hodge-Deligne, Invent. Math. 90 (1987), no. 1, 11–76. 4
[Scu04] L. Scull, Formality and S1-equivariant algebraic models, Homotopy theory: relations with algebraic

geometry, group cohomology, and algebraic K-theory, Contemp. Math., vol. 346, Amer. Math. Soc.,
Providence, RI, 2004, pp. 463–471. 3

[Scu07] , On the equivariant formality of Kähler manifolds with torus group actions, Math. Z. 257
(2007), no. 3, 547–562. 12

(P. Boavida de Brito) Dept. of Mathematics, Instituto Superior Tecnico, Univ. of Lisbon, Av. Rovisco
Pais, Lisboa, Portugal

Email address: pedrobbrito@tecnico.ulisboa.pt
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