
Lecture 61117 : Synt .
MONDidaL &CATEGOMES

and 3 FUNCTOr FORMAUST

G0 . MOTIVATION

⑳ell: WAHA a "G-FUNCOr FORMAUST" for COcategory W-x-

EMaph (c) stable under---

pullbock
"EXCEPTIONALMOMPAIST"

Isomorphs

Main Example C = loc. Crupct Housdaff top spacesnum
⑳

E = "compectificable maps"
le . mops which wrte as

f = J : Je open immersion

↑
proper MAPS

· C = Q Cohent schemes
E: separated morphisms of funtetype



where A 6 FUNCON FONTAUST should be :

nu

1) C -X > D(X) ECoto

EASY to - 2) (D(X), ) s
.m . Structure

FORTAUZE 4It is a functor ( 3) Vf : X-Y , a FUUBACK factor &: DIY)-D(X)(cot,notof
t compatible WI-- , ()

*

functoman

④)#f : A-B in E , an EXCEPTIONAL pushforward 1 !: D(x)->DIY)
This is the
&

( C ! functoral on E
, Base Change

, ProfectionHAND part ! FORMULA

S) RIGHT Apfolms : ---Hm(- ,-

&*+ f

f ! + f'

L SOLUTION i Define a syn .moncat Corr (C,
E)

(to have Q ,f* fi)
that (1)- 14) &ID LAX S .M .

FUNGTORSohal

Corr (CE)
*
-> Cato



-1 .
The &Category Corr(CE)

&F (LestTime) Cocot w/funte hunts
E Marph(C) stable under--- , pullbock, sisos

Corr (C .E) should be the Dotegory with:

· Ob(Corr(CE)) = ob(c)

d
· morphisms : X- Y &D xWL
· composition :

↓wxxxWay 2
2= /

L &EteL
x y

x ↳
Also would like a s. m .

structure

where XQY = Xxyu

Corr(CE) as anOcat
.

NOW:
↳ What are s. m. Ocategories and Corr(C,E)

*
s.m Struct



#F · Un ,
(D): < (D4) x &" subsimpl set speed by (i,j) w) i j

I ↓
(2 ,07

20
. 03 (I, 1)

--
n = 2

10 , 0 ,

5
(1 ,07

,
↳

1211

V
2 2,2

a
(1 , 1)

me (A%) : A resfets (Cospla &Category)

· Corr(CE). - Fun ((A)? ,
2) subsimpliced net where

m

It Corr(GE)n &D 4
AU ANNOWS DOWN MGM EE

Al STALL Squares ar Cartesien

Xio
- L &FEn = 1 ↓

Xoo X1

L ↳
n = 2 Xio

Xzo
d

Xes xij t ob(2)
↓ s

--

x ↓

-

x2XI



Em Well defined he FECorr(C,En = dif ECorr(CE)n- Fi

sjf E Corr(CE)un Vi

EEex di (5 Xidoxxxz) eX202Xz so(X) = x
***

X etc
..

do) =X2
4
x

POP Corr(CE. isan Dcategory ,
i .. HONN FILING CONDITION
I.2 .

Fn2 ,
Focian 1 Corr(GE)

.

&n
-

-
-

--
OF Kenne 6 . 1 .2 of [L212a]]

YoY
,

Xz

L d

For n=2
, i = 1 1?-> Corr (CE) Fame Xoa ↓ Xxx

↓... -- Xoo Xu Xzz

A2 E
I can be obtained va

B



Emk In particolor, we know that composition in the ocot Corr(t)
conspends to what wewanted

FILLING Lib
COND &(cell :

toked'... us
↓ je d et

o d

Fus
Ens

14- cCorr(GE)
* -> Corr(GE)

↳2 . SYN . MONOIDAL &CATEGOMES

GooOlway to be oble to define Xi FI finute set , Xitob(c)/
HAND to

CLASSICAl DEF of s
.m .

1-cat (w) - 0 -

: < x -2) mus GeneraUZE1 : A->2

150s : XQ(YQ) = (XQY)Qz

xy = YX -RCHEA
10 X = X

CoterENCEs
!

)
+ coherence (penthogon + exhogon exoms >

Il /

is Reformulation : A S
.M

.
1-cat = CONTUTAAVE MONOID in (Cat

,
x)



↳ocat ofXcotegolles
What is a COMMUTATIVE MONOID in Cata ?

LEF Fin . Category w/ objects FINITE POINTED SETS
,

devoted by <I>= IU4*3, I finteset

morphisms me mops of finte

pointed sets

Stemobjs(n) = 4- n2 U4*3

li

Radmops. FIfinset , Fift 12 ci ifj "Projections
A othewise

· B : <2 + 1) "multiplication"
*- A

2= 1

DEF A S
.
M

. OCAREGON is a functor X : Fin-Cata sit .
FIfinset

themop X((2)=TX(i) induced by Fic

is an equivalence.

("Segal condition")



Good def Le Objectivise, X determined by X() Eloto D = X(<1)

· TENSON PRODUCT : should be -Q- : DxD-> D

· his it is the image of Bia- I

Inded X(P) : X(2) mp- X(K)
+ X((k) = D x D -> X(<) = D

and it is:. SYMMETMC because (2) #p (2 =D DxD EfD
m

Blid ↓ (12)

DxD-

meaning abbea (ANGERencoded

· ASSOCIADVE because
B B

num 4>= (3)- (2)-

I -
- ->1-

in Fin
.

i---

=> &
<3

-**

De

↓ Ca, l ↓
while it is DD

More COMPLICATED
if C has another s

.
m stect

· UNITAL X((P)= - X() =D

&
· 8 o

Rmk If C is &cot w) funte prods , a camutative monad in C is Fin
.
->Cw/ Segal Condition



PRACTCA PROBLEM : Hold to wate factors into Cata
E -no

longer apbminCatetrdees

Almody at L-cotegoncal lever , where usually one has PSEUDOFUNCTOS i .e. X(fog) X(f) · Xye

Pbm in Lat solved by GROTHENDLECK

Imm There is an Equivalence of 2-CATEGOMES

PseudoFunctors(C ,Cat) = cofibl&cocantesia Fibrations

over C

. p : E-C is colotesion fibration if Up(x) c maph in C

whichFleftXEP(=F) "coCareE UFT"

2 . e --E
i ---j

p(x)- -d

·
The correspondence goes

as :

PsFun(C, Cot)+ coFib(C) PsFun(C, (at)-> coFb(C)
FiC-Cat

= (E++C) (2-6)- (f T&c->P-(c)=: Ec



e [2 is acategory whoe : · Objs = (CtC ,
xE Ob(F(c)

fic-d in C·Morphisms (c ,x)- (dig) is

FET and p : Folxmy4 -d
cy

↓2 C forgetful factor -Ef(x)

There is an ANALOGOUS RESULT for CATEGOMES

F p :E-C b) &cats is a Colatesca fibration if pinnerfibration

Kp(->2 - x Fec lift which is INIAL(
f

(le. Space cible)

"locally colotescan lift"

RmK p :E-C colot fib of 1-cat locally colot . lifts stable under composition

ED N(p): NIE)- NCC) colot Lib of ocot



[ & There is an Equivalence of (2, 1) - CategoriesIhm straighteningeering, Fun*(C,Cata) - coCortFb(C)-

te on objects it works as the 1-categ case

Rmk It would be not equir of (2, 2) -cat. Butwe take Fun(C,Cata)
,

Only INVENTIBLE
NATURAL TRANSFORM

= in the ocot of colotFib We restruct to EI,E' st Fpresences loc.

p dp colort. Lifts

REF" A S.M .
OCAT is a cocamesienfibration CFin

. sit.

VIEfnset,

thenat mop (2)<2
=> I (2Q i induced by colot lefts of LIL Es <ic

is an equiv of categories

We coll (2) =C the UNDEMING &Category of P



Inpartic X : Fin
. -Cota s

.
m1-cat

,
C = X /<)

me

Ens

sinought-unst p :&- Fin
.

ob(20) = 4 Kilize) citC , ItInsets]
C*/ (2izz . (djity) = < : <1 > - <JL inFin .

and

4 VjfT fj : Q ci -dj
-- is the coloresian left of B : (2 - L

iz 2 - (j)

Emk Def"of s.
mocot is apparently not selfdual, but va def' and Cata Cote it is.

c- Cop

SPECIALCASE Cw/ finite prods =b C Pw) finite coprods

22.41 HA 1 and 7 ! (CP)"-> Fin
. Sym .

monoidal Category -- = -U-

Less .umpue)

urPr/fluteprods
=* F1 C" - Fin . S.M . structure on a whee A et

cen .Umque)



FINAL NOTION NEEDED : LAX S
.M . FUNCION

Etegor : P : (C.)-> CD.S w/ natural mops P(Xi) - P(Qxi) #I

Ens want existence
of naturaltransformations C** D

+I

④ ↓ * ↓
c
+ D

Es F : Fin
.-Cat FI)E FD(I)

.. .Pseudonat transformation
FD : Fin

.
-Cat 21

L
21 4 (not necess invertible)

(i) ED((i ·Pz = Toi
L* W ↓

Eckis) F((LK)
STAIGHT

- UNSTAIGHT

DEF - · DQ : C- D
*

over Fin st f preserves loc cocont

( & p
Fin
L lefts of
pl

lii <13 ->
Li >

b)0CATS

(ther $ s.m = nottransfore invertible to preserveallloc colatet



-3 .

S
.M . Structure on Corr(C,E) for (CE) geometuc context

⑳ : Define Corr(CE)
*
-> Fin

.
coCostesian Libration such that

Con(CE) = Corr(C
,E)

4s. structure so that -Corr(CE) is sym .
monodal

X- X (sothat in Corr((,E))
: d Xy Xy = xxy

Corr(CE):= Corr (C
, EY)

mer C
*

= ((20P)W) ,
C

*
-Fin:P (* Not thes .m . category)

for (C, X)

· Ob(C*) = ob) (C%)U) = 4 (clite/ItFinset, cit Ch
· Morphisms (I , (xilizz)-> (b, (yijty) is [N<5The Bi

jex(i)

nd E
*

< Morph(C") lying over the identity

and sit. Vit] gi : xi -+ yi -> E



Seitely : Ok )Corr (CE)
*
) = 4 (1 , (xiite) / xiebb(2) 3

Maphism (I , (xi)iez) - (J , (yiies) is (K , (UK)kek

(x, (fial) & Ex

(I , (Xi)ie1) (J, (yj) je3)

-· it is

4
↓ : <>- <k >

iE 4
-

(k)

FREK fr : Ur-Th Xi

(d : <K > = (J>

AKEK g
: UK-YK EE

wing CI , (Xi)itz)-> (J, (Yilje]) is

E -xFi/VigiteetYyits
and Fixed

Emk Contavonance in Fin.

X : (1) ->(j>

To cancel
CONTRAVAMANCE LEFTdown d



&OP ((212a] Corr(CE)
*
- Fin

. is a cocamesian FIBration
,
and Corr(CiE)* > Corr(C,E

**

P

RmK The s.m. structure on Corr (CE) = Corr(CE) is the cocart left of B:-

Consider (12) , (X,X2) --- .?

↓ P

(2) - <17

B
(Bild,yck , X, xX

2)
Need <B.?

(<) 1?)

↓(e,? and this is
((2), (X,X2)
i

<, X,
x X2)

m (2) (X,Xz) ((D) ,?)



44. A 3 FUNCTOR FORMAUSM

We said that a 3-functor fernalism is LAX SM .Funcor Corr(CE)
*
- Cate

Il (2 .
4. 1

.
7

, HA] 201Fin . Sim acot

D-Fin
. CarteSAN s.M cet

LAX S .M .

FUNCTON F : 2*-D functor

-D Sit2->DX 4-

↓, ↓ F((2 , (Xizz)= F((i , xi)
Fin

.

induced by C:: <I ->

is anequivalence in D

F(B)
TRmk Easy to me =, bF(Xi)= -(( , (Xitz)= I F((i),x

& cocort lift of By : <1 >-



DEF (C ,E) geometuc context. Then a 3-FUNctorForMAUSi is a functor

D : Corr(CE)*-Cata sit .
D(I , (xite)= TDkin ,Xi)

is an equivalence.

⑭ic , objectivine D is determined by the obis
Corr(CE) = Corr(C ,t)

↳

I We wrte D(X) : = D(<1,X)
ki5

,y) =y

RESULT : Da3 functor formalism is we recover the 3 functors , f*, f'
and FUNCTOMANG + COMPAMBILTY encoded by functionality ofD

(.profforte



Indeed · PUUBACK fiX-Y maph in 2
u

((1) , X)
=D (dif)/ Y,x)

morph (<1),y) Er(<,X)

(K,y)

ms f=DIf) : D(Y)- D(X)

· TENSON PRODUCT Want (D(X)
,Q) s .m . category .

Let's we how to define -- : D(X)xD(X)-> D(X)

EXTERNA 1) :D(X) xD(X)= (,
(x,) D(XxX)TENSOR O

PRODUCT

2) dag : X - XxX
=D dag*: D(Xxx)->D(X)

= ~- : D +D(*) = (, (X ,x) HD(xxx)de D(*)

· EXCEPTIONAL PUSHFOMAND F : X-Y in E =D D ,X) de

((1) ,X) (1),y)

me f ! = DIf) : DIX)->D(Y)



Compatibility lawstus functoriality of D

· ACTION of Dona generic morphism :

(x, 17y
23 ,

(vj)j)<d, ile Ens E fiVig,Le site(1 , (Xi)it1) [J , (Yi)j)

and tD(xi) =T (TP(xi
↳ A
TDIVS)

!

De

k 42
D(I , (Xi)iez) D(J, (yj)j)



Some compatibility relation

PROJECTION FORMULA : FAQB = f! (AQ 'B) functionally

8 :X-Y in E 1 . e . fil-Q- = fi(-Q 1
*

H) asfuctrs D(x) xDIY) - D(Y)
- -

(1) (2)

(<1) , yxy)

Sec
<x ,

ydilia=oDchatg ,
YogyodgKiten eck

is &( (
(22) , (X,x)) [[17 ,X)

(2) = D
didifi I

O (k
, Xx

x N
· drogy Xo P,en

(2) , (X ,y)
(2) , (Xx) ((2) , (X,X) (< p>, XxX) (1) , Xxx)

>

to read in this direction



Now if we look of the compositions of the two maplusms in Corr((E)

TheSAME

Le
(1) ,X)

(id, fxid)

(1) = D)
↓ Ldif

( (2) = DL

dag
(k,x,

/
4K ,x

((k), Xxy)
(1) ,y)

(Bild)
V

↓ (fxid) L
W L 1 *

dog (I (1),
XxX)

(1),X)

(<1) , yxy) (<K ,y) (Bild) Il ddog 1 **
( LExc ,

(X ,37
dia) X(Bid) Yok

,yxy

de ,7) (22) , (X,))
(Id , (dif)) ↓ (k

, xxx

4dog
c est

(2) , [X,Y) (2x , (y ,y) d ↓je
,

e
(27, (x,y)((2) , (X(x)

where first pullback for example is

-

Xxx E - - - (yxy) x(xxy) = xx =>

Didi * Laity)fxd f ~

yxy=- yxy



Simulor wolf we get Base Change.

Final Remock : FiX-YinEm D(Y) MD(X) va DIY)xD(x) Dix) xd(x)* (x)

and WAH (ina 3 fust formalism) that f!: D(X)- DIY) is DCY)-L.

This is The h Dis LAX S .
M

. Funcon

↳ Judeed · . Dlox s.m. -Depreserves dgs & mods
u

· (20P)
"

- Corr(cil
Q
= s.m . Functor

* in 2

j
*

xx
Y

IX-x

X isemodule der YinC and g : X
,
-X mop/Y fbydf

(as
cou olgs in (201, U) (A
XWX(= xxX) ->X #
↑ fuf

inducesyoy
A X -> X mop of Y-mod

in Corr (C,E)

LAX S .
D .

=* DIg) : g !:D(X)- D(X') mus New take X' =Y .

mop of DIY)-mod


