BINOMIAL RINGS AND HOMOTOPY THEORY

GEOFFROY HOREL

ABSTRACT. We produce a fully faithful functor from finite type nilpotent spaces to cosim-
plicial binomial rings, thus giving an algebraic model of integral homotopy types. As an
application, we construct an integral version of the Grothendieck-Teichmiiller group.

The goal of this paper is to develop an integral version of Sullivan’s rational homotopy
theory. Recall that Sullivan proved the following theorem.

Theorem ([18]). There is a functor Q% from the homotopy category of simplicial sets to the
opposite of the homotopy category of commutative differential graded algebras which is a left
adjoint and whose right adjoint is denoted A — (A). When restricted to simplicial sets X
that are nilpotent and of finite type, the unit of this adjunction

X = (Qp(X))
is a model for the localization with respect to rational homology isomorphisms.

This theorem implies in particular the following formula for the rational homotopy groups
of a pointed space X which is nilpotent and of finite type

mi(X) ® Q = m(Qp L (X)).

In this formula, the — ® Q functor is the left adjoint to the inclusion of nilpotent groups
in nilpotent uniquely divisible groups (in particular it is indeed given by simply tensoring
with Q when restricted to abelian groups). The functor Q7% is a piecewise linear version of
algebraic differential forms, it is quasi-isomorphic to the standard singular cochains functors.

It is very natural to try to extend Sullivan’s theorem from rational homotopy theory to
integral homotopy theory. There is no integral version of Sullivan’s functor and in fact it can
be shown that no strictly commutative model for integral cochains can exist as this would
imply the triviality of Steenrod operations. Nevertheless, the singular cochain functor lands
in Fy-algebras. There is in fact a more primitive invariant taking values in cosimplicial
commutative rings given by taking degreewise the Hom from a simplicial set to the integers.

Viewing the singular cochain functor as a functor to Ey-algebras in cochain complexes
or cosimplicial commutative ring, there are precise analogues of Sullivan’s theorem due to
Mandell and Toén respectively.

Theorem (Mandell [16], Toén [20]). Let X — C*(X) (resp. X +— ZX) be the singular cochain
functor from the homotopy category of simplicial sets to the opposite of the homotopy category
of Es-differential graded algebras (resp. cosimplicial commutative rings). This functor is a
left adjoint. The right adjoint is denoted A — (A). When restricted to simplicial sets X that
are nilpotent and of finite type, this functor is faithful. Moreover, two simplicial sets that are
nilpotent and of finite type X andY are weakly equivalent if and only if C*(X) and C*(Y)
(resp. Z% and ZY ) are weakly equivalent as Eq-differential graded algebras (resp. cosimplicial
commutative Tings).
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The sticking point shared by these two theorems is the lack of fullness of the cochain functor.
In the present paper, we suggest a way to fix this problem by attaching more structure to the
functor X — Z%X. We make the observation that the cosimplicial commutative ring Z¥ is
degreewise a binomial ring. Binomial rings are rings in which generalized binomial coefficients
are well-defined. Alternatively, they are torsion-free lambda rings in which the identity map
is a Frobenius lift at all prime. Our main result is then the following.

Theorem. There exists a model structure on cosimplicial binomial rings in which the weak
equivalences are the quasi-isomorphisms. Let us denote by cBRing the resulting co-category.
The functor

Xz
from S to cBRing®® is a left adjoint. The right adjoint is given by the formula
A mapcBRing (A7 Z)

The unit of this adjunction is equivalent to the map X — Zy(X) from X to its Bousfield-Kan
Z-completion for X connected of finite type. In particular, this map is a weak equivalence for
X nilpotent of finite type.

Following Toén [19], we also make a version of a binomial affine homotopy type attached to
a homotopy type. Given a homotopy type X, we may construct the functor X?" from the
category of binomial rings to the co-category of spaces given by the formula

Xbin(R) = mapcBRing(ZX7 R)

We show that the functor X — X" is fully faithful when restricted to nilpotent and finite type
spaces. Moreover this object recovers the various localizations of X. For any subring R of Q,
the space X%"(R) is the R-localization of X while the space X""(Z,) is the p-completion of X.
This object can be used to define a “binomial algebraic group” of homotopy automorphisms of
a space. As an application of this theory we construct an integral version of the Grothendieck-
Teichmiiller group. This is a functor from binomial rings to groups that includes both the
pro-algebraic Grothendieck-Teichmiiller group and the pro-p Grothendieck-Teichmiiller group.

Related work. To the best of the author’s knowledge, the first occurence of binomial rings
in homotopy theory is in [21]. In this paper, Wilkerson constructs functor from binomial rings
to homotopy types which is very likely to be equivalent to our functor X — X% constructed
in Section 8. This paper was also very much influenced by the paper [6] by Ekedahl, in which
a model for homotopy types is constructed in the category of simplicial free abelian groups
and numerical maps. Although we do not know exactly how to compare the present work to
Ekedahl’s work we believe that there is a strong relationship. In particular, our Proposition
4.1 seems to be very similar to the proof of [6, Lemma 2.7]. This paper also owes a lot to the
papers [19] and [20] that are themselves influenced by Grothendieck’s Pursuing stacks. In
particular, our Proposition 4.3 is essentially equivalent to [20, Corollaire 3.4].

In a different direction, the paper [23] by Allen Yuan gives a different model of integral
homotopy types using cochains valued in the sphere spectrum. Even though there does not
seem to be a direct comparison functor between Yuan’s model and ours, both rely on the
idea of homotopy trivializing the Frobenius map. Finally let us mention the work [3] in
which the authors identify simply connected spaces with a full subcategory of coalgebras
over a certain comonad on chain complexes. In the current work we identify finite type
simply connected spaces with a full subcategory of algebras over a certain monad on cochain



BINOMIAL RINGS AND HOMOTOPY THEORY 3

complexes (Theorem 3.12). The additional finite type assumption comes from the fact that
we are working cohomologically instead of homologically.

Finally let us mention that two very related results appeared after the preprint version of
this paper was made public. In [1] Antieau constructs a model for integral homotopy types in
terms of derived lambda-rings with a homotopy trivialization of the Frobenius lift. In [14],
Kubrak, Shukhlin and Zakharov construct an alternative model using derived binomial rings.

Conventions. We denote by N the set of non-negative integers.

We denote ordinary categories in sans-serif characters and the underlying co-categories of
a model category in calligraphic characters. For instance, we denote by cBRing the model
category of cosimplicial commutative rings and by cBRing the underlying co-category. We
denote by S the co-category of spaces.

If C is a simplicial category, we denote the mapping simplicial set by mapc. If C is an
co-category, we denote by map, the infinity-categorical mapping space.

1. BINOMIAL RINGS

We use the word ring for commutative unital rings. We denote by Ring the category of
rings.

Definition 1.1. A binomial ring is a ring R whose underlying abelian group is torsion-free
and such that, for all a € R and n € N, the product

n—1
[Ta=1)
i=0

is divisible by n!.

Notation 1.2. In the following, for a an element of a binomial ring and n € N, we write

<a> [ (a—1)

n n!

Remark 1.3. Binomial rings appear under the name numerical ring and with a different
axiomatic in [6]. The equivalence between the two notions is proved in [22]. We can also
alternatively define a binomial ring as torsion free commutative ring in which the identity
map is a Frobenius lift for any prime [7, Theorem 4.1]. As such binomial rings are particular
lambda rings.

We shall recall in this section some important facts about the category of binomial rings.
All of the results can be found in [7]. We denote by BRing the category of binomial rings.
Morphisms of binomial rings are, by definition, morphisms of rings. So there is a forgetful
functor

U : BRing — Ring

which is fully faithful. This functor has a left adjoint denoted Bin". Explicitly, for a ring A,
the ring BinU(A) is the intersection of all binomial subrings of A ®z Q containing the image
of A > A®z Q.

The forgetful functor U also has a right adjoint denoted Biny. Given a ring A the ring
Bings(A) is the subring of the ring of big Witt vectors W (A) consisting of elements that are
fixed by all the Frobeniuses.
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The existence of these adjoints implies that the forgetful functor U preserves limits and
colimits. In particular, the conditions of Beck’s monadicity theorem (see [2, Chapter 3,
Theorem 3.14]) are satisfied and the adjunction

BinY : Ring < BRing : U

exhibits BRing as the category of algebras over the associated monad.

Given a set S, the ring BinY(Z[S]) is the ring of numerical polynomials in S variables.
This ring is simply the subring of Q[S] whose elements are the polynomials f in S-variables
with rational coefficients such that f(Z%) < Z. Note that this ring is strictly larger than Z[S].
For example, the polynomial

P _
Fy(x) = =X
p
with p a prime number is a polynomial whose coefficients are not integers but which is such
that F,(n) € Z for any n € Z.

Notation 1.4. We denote by Num[S] the ring BinY(Z[S]) of numerical polynomials in S
variables. When the variables are called x1, ..., z,, we simply write Num|[zy, ..., z,].

2. THE COBAR CONSTRUCTION OF Num|z]

In this section, we compute the cohomology of the cobar construction of the ring Num|z].
This computation will play an important role in the proof of our main theorem.

Let C be a coalgebra over Z which is flat as an abelian group. Assume that we are further
given a coaugmentation of C', i.e. a map of coalgebras Z — C. Then the cobar construction
of C' is the cochain complex Q(C) associated to the cosimplicial object

[n] = €
in which the inner cofaces are obtained by applying the diagonal map and the outer cofaces

are given by the coaugmentation.

Remark 2.1. A pointed space can be viewed as a coaugmented coalgebra in the category of
spaces (the coalgebra structure is given by the diagonal map and the coaugmentation by the
base point). In that context, the totalization of the analogous cosimplicial object is a model
for the loop space. This explains the notation for the cobar construction.

The goal of this section is to compute the cobar construction of Num[z]. On top of being
a commutative ring, Num|z] is a cocommutative coalgebra with coproduct

A : Num|[z] —» Num[z] ® Num|[z] = Num|[z, y]
given by the formula

A(f)(x,y) = f(z +y).

Proposition 2.2. The cohomology of Q(Num[z]) is free of rank 1 in cohomological degree 0
and 1 and is zero in any other degree.

Proof. The coalgebra Num|[x] is, as an abelian group, isomorphic to the direct sum @,ecn (2)

by [7, Lemma 2.2]. We have the Vandermonde identity which describes the diagonal in N :

2= (2,200
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From this formula, we see that the coalgebra N is graded by declaring (f’;) to be of degree n
(beware that, with this convention, the two maps Z[z] — Num[z] and Num[z] — Q[z] are
not maps of graded abelian groups).

It follows that the cohomology of the cobar construction of Num/[x] inherits an extra grading
on top of the cohomological grading. We shall show that it is free of rank 1 in bidegrees
(0,0) and (1,1) and is zero otherwise (our convention is cohomological degree then internal
degree). Since the cochain complex Q(Num[z]) is finitely generated and free in each degree,
we may apply the duality functor (—)¥ = Hom(—,Z) to it and obtain a chain complex of
graded abelian groups. We shall prove that the homology of Q(Num[z])" is free of rank 1 in
(homological) bidegrees (0,0) and (1,1). By the universal coefficient theorem, this will imply
the desired result.

In order to prove this final claim, it suffices to make two observations. First the dual of
Num|[z] (in the graded abelian group category) is the graded algebra Z[z] thanks to the
explicit formula that we have for the diagonal. Second, the chain complex Q(Num|z])¥ can
be identified immediately with the bar construction of Num[z]¥ =~ Z[z]. The homology of
the bar construction of Z[z] is well-known to be of the desired form. O

3. COSIMPLICIAL BINOMIAL RINGS

We denote by cAb the category of cosimplicial abelian groups. Recall that the Dold-
Kan equivalence gives an equivalence of categories between cAb and Ch*(Z) the category of
non-negatively graded cochain complexes (or non-positively graded chain complexes). This
equivalence is realized by the normalized cochain complex functor

N : cAb — Ch*(Z)

that sends a cosimplicial abelian group A® to the cochain complex given in degree n by the
intersection of the kernels of all the codegeneracy maps.

N(A)"™ = ﬂ kers'.
i=0

The differential on N(A) is given by the alternating sum of coface maps. The inverse of this
functor is denoted I'. In order to simplify notations, we will often omit I' and allow ourselves
to view a cochain complex as a cosimplicial abelian group. We shall also use homological
grading. So we write Z[—n] for the cosimplicial abelian group obtained by applying I' to the
chain complex given by Z in cohomological degree n and zero in any other degree.

We denote by cRing the category of cosimplicial rings. Similarly, we denote by cBRing the
category of cosimplicial binomial rings. We extend the functors U, Bin¥ ann Biny to cRing
and cBRing by applying them in each cosimplicial degree. We obtain adjunctions

Bin" : cRing < cBRing : U
and
U : cBRing < cRing : Bing.

Theorem 3.1. There is a simplicial model structure on cAb in which the weak equivalences
are the quasi-isomorphism and the fibrations are the epimorphisms.

Proof. This is simply the projective model structure on cochain complexes of abelian groups
transferred along the Dold-Kan equivalence

N :cAb 5 Ch*(Z): T
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It suffices to check that the fibrations are exactly the epimorphisms. This is the case in the
projective model structure of cochain complexes and epimorphisms are preserved and reflected
along an equivalence of categories.
This model structure is simplicial. The cotensoring is given by the following formula
AX = [p] — (AP)Yr = [ [ AP,
Xp
where A is a cosimplicial abelian group and X is a simplicial set. ]

Remark 3.2. In cochain complexes or cosimplicial abelian groups, the epimorphisms are
exactly the degreewise epimorphisms.

We shall now construct a simplicial model structure on the category cRing. The cotensoring
of an object of cRing by a simplicial set is the same as in cAb while the tensor of A®* by
K € sSet is given by the following coend

(Ke®A*)" = (K x A™)e ®p A°.
This formula can be found in [5, Section 2.10].

Theorem 3.3. There is a simplicial model structure on cRing in which
(1) The weak equivalences are the quasi-isomorphisms.
(2) The fibrations are the maps that are degreewise epimorphisms of abelian groups.

Proof. This is a standard transfer theorem. This can be found in [19, Théoreme 2.1.2]. The
model structure on cAb is cofibrantly generated and all objects are fibrant. Moreover, there is
a functorial path object in cRing given by A — Al where we denote by I the simplicial set
represented by the object [1] in A. Clearly, in the factorization

A Al 5 Ax A

the first map is a weak equivalence and the second map is a fibration because the same is
true in cAb. Thus the model structure on cAb can be transferred thanks to the path object
argument [17, Lemma 2.3]. O

Remark 3.4. It is not the case that an epimorphism of commutative rings is necessarily an
epimorphism of the underlying abelian groups. A counter-example is given by the unit map
Z— Q.

We shall now show that the forgetful functor preserves geometric realization. This will rely
on the following proposition.

Proposition 3.5. Let M be a simplicial category, let T be a simplicial monad on M and
Pr:M s M":Ur

be the corresponding adjunction. Assume that T : M — M preserves geometric realization of
simplicial diagrams. Then Up preserves geometric realization of simplicial diagrams.

Proof. Let A, be a simplicial diagram in M7”. Then, by hypothesis, we have an isomorphism
T|Ur(Ad)| = |T(Ur(As))|
This makes the object |Ur(A,)| into a T-algebra via the map
T|Ur(A.)| = |T(Ur(As))| — [Ur(A.)]

where the second map uses the T-structure of each of the objects A,,. We shall show that the
object |Ur(As)| equipped with this T-algebra structure satisfies the universal property for
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being the geometric realization (in M7) of the simplicial diagram A,.. This will imply that
the canonical map

Ur(As)| = Ur|Ad|

is an isomorphism as desired.
Now, we prove the claim. Let B be an object of M7, we have an equalizer diagram

map ;7 (|Ur(As)|, B) — map,,(|Ur(A4.)|, UrB) = map,,(T|Ur(A.)|, UrB)

By our hypothesis, and the universal property of the geometric realization (a particular type
of weighted colimit), we can rewrite this equalizer diagram as

mapMT(|UT(A.)\, B) — Tot mapM(UT(A.), UTB) = Tot mapM(TUT(A.), UTB)

where Tot denotes the totalization in simplicial sets. Since Tot commutes with equalizers, we
have

map 7 (|Ur(A.)], B) = Tot[eq(map,, (Ur(As), Ur B) = map,, (TUr(A.), UrB))]
~ Tot[map,;r(A., B)]
= map 7 (|4, B)

As a corollary, we obtain the following proposition.
Proposition 3.6. The forgetful functor
cRing — cAb
preserves geometric realizations of simplicial diagrams.

Proof. Thanks to the previous proposition, it suffices to prove that the free commutative
algebra monad preserves geometric realization. This monad is made using direct sums,
orbits and the functors X + X®" n € N. These three operations do preserve geometric
realization. O

There is a similar model structure on cBRing.

Theorem 3.7. There is a model structure on cBRing in which

(1) The weak equivalences are the quasi-isomorphisms.
(2) The fibrations are the maps that are degreewise epimorphisms of abelian groups.

Moreover, this model structure is simplicial and the adjunction
Bin" : cRing < cBRing : U
1s a Quillen adjunction.

Proof. The proof is the same, using the fact that A — A’ can also serve as a path object in
cBRing. ([l

Proposition 3.8. The forgetful functor
U : cBRing — cRing

preserves the tensoring by simplicial sets.
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Proof. In both categories, the tensor of A® by K € sSet is given by the following coend
(Ke®A®)" = (K x A™)e ®@p A°.

The forgetful functor has a right adjoint so it preserves all colimits and tensoring by sets (as
those are simply given by coproducts) so it will preserve the tensoring by simplicial sets. [

Proposition 3.9. The forgetful functor
W : cRing — cAb
preserves and reflects filtered homotopy colimits and homotopy colimits indexed by A°P.

Proof. Since this functor is homotopy conservative, it is enough to show that it preserves those
homotopy colimits. Filtered colimits in cosimplicial abelian groups are automatically derived
and the forgetful functor does preserve ordinary filtered colimits so the first claim is obvious.
For homotopy colimits indexed by A°P, we use Proposition 3.5 which proves that the forgetful
functor preserves geometric realizations. In a model category, geometric realization coincides
with homotopy colimits for Reedy cofibrant objects. It turns out that, in cosimplicial abelian
groups, geometric realizations are automatically derived since every simplicial diagram of
cosimplicial abelian groups is Reedy cofibrant. (|

Proposition 3.10. The forgetful functor
U : cBRing — cRing
preserves and reflects homotopy colimits.

Proof. Since this functor is homotopy conservative, it suffices to prove that it preserves
homotopy colimits. For this, it is enough to prove that it preserves finite homotopy coproducts,
filtered homotopy colimits and homotopy colimits indexed by A°P. The case of filtered colimits
is straightforward since these are computed in cAb. The case of finite coproducts is also easy
as these are simply given by the derived tensor product in both categories and in cBRing,
tensor products are automatically derived since a binomial ring is flat.

For homotopy colimits indexed by A°P, using the previous lemma, it is enough to prove
that the forgetful functor

V : cBRing — cAb

preserves them. Moreover, arguing as in the proof of the previous lemma, it is enough to
show that V preserves geometric realizations of simplicial diagrams. We already know that
the forgetful functor cRing — cAb preserves geometric realizations. The forgetful functor
U : cBRing — cRing also preserves geometric realizations. Indeed, this functor preserves
colimits and the tensoring by simplicial sets thanks to Proposition 3.8. So V preserves
geometric realizations as it is the composite of two functors that do so. O

Remark 3.11. Even though the functor U : cBRing — cRing is fully faithful, the induced
functor between the homotopy categories is not. Indeed, it follows from our main theorem
(Theorem 5.4) that the mapping spaces between cosimplicial binomial rings of the form Z~
for a reasonable space are weakly equivalent to the mapping spaces between the corresponding
spaces. However, this is not the case in cRing. This kind of situation happens quite often in
homotopy theory (for example, the 1-category of chain complexes of F,-vector spaces is a full
subcategory of the category of chain complexes of abelian groups but this is no longer true
after inverting quasi-isomorphisms). Nevertheless, this forgetful functor is monadic as shown
by the following theorem.
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Theorem 3.12. Let us denote by cBRing and cRing the co-categories underlying the model
categories cBRing and cRing. The right adjoint functor

U : cBRing — cRing

exhibits the co-category cBRring as the co-category of algebras over the corresponding monad.
The same can be said for the right adjoint functor

V : eBRing — D(Z)<o

Proof. This is an application of the Barr-Beck-Lurie monadicity theorem. In both cases, the
functor is conservative and preseves colimits indexed by A°P thanks to Proposition 3.9 and
Proposition 3.10. 0

4. MAIN THEOREM FOR EILENBERG-MACLANE SPACES

We define a functor sSet — cBRing®? by the formula X — Z¥. Since Z¥X is degreewise a
product of copies of Z, it is indeed a cosimplicial binomial ring. This functor is a left adjoint.
Its derived right adjoint is denoted

A (A).
Explicitly, this derived right adjoint is given by
A ma‘pcBRing(Ac’ Z)

where A => A is a cofibrant replacement. Our main theorem, Theorem 5.4 below, is that the
derived unit map

X —(Z%)
is a weak equivalence for reasonable spaces. In this section we shall focus on the case of
Eilenberg-MacLane spaces.

We denote by K, an Eilenberg-MacLane space of type (Z,n). An explicit model is given
by the inverse simplicial Dold-Kan functor applied to the chain complex Z[n]. The counit of
the free-forgetful adjunction between simplicial abelian groups and simplicial sets gives us a
map of simplicial abelian groups

Z{Kn) — Z[n]
(where Z{—) is our notation for the free abelian group functor). If we apply the duality
functor M — Hom(M, Z) to this map, we obtain a map of cosimplicial abelian groups

Z[-n] — Z5r.
Finally, we can use the free-forgetful adjunction between cosimplicial abelian groups and
cosimplicial binomial rings to produce a map of cosimplicial binomial rings
oy - Sym®"™(Z[—n]) — Z5~,
where Sym®"(A) := Bin" (Sym(A)) is our notation for the free binomial ring on an abelian
group A.

Proposition 4.1. The map aq is a weak equivalence.

Proof. This fact and the next Theorem are equivalent to [20, Corollaire 3.4]. We shall give an
independant proof. We first compute Sym®"(Z[—1]). The simplicial abelian group Z[1] is
the usual simplicial bar construction for Z given by

[n] — Z"
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with face maps given by addition of two consecutive factors or the zero map Z — 0 for the
two extreme face maps. The cosimplicial abelian group Z[—1] is its dual. Tt is given by

[n] — Z"

with coface maps induced by the diagonal map Z — Z x Z or the zero map 0 — Z for the
two extreme coface maps. Therefore the cosimplicial binomial ring Sym”"(Z[—1]) is given by

[n] — Num[z]®"
with cofaces induced by the comultiplication map
Num[z] — Num[z] ® Num|[x]

or the unit Z — Num|[z] for the two extreme coface maps. This cosimplicial object is simply
the cobar construction of the coalgebra Num|[z]. Thanks to Proposition 2.2, we know that
the cohomology of this object is abstractly isomorphic to the cohomology of ZX1 ~ Z5 "

It remains to show that the map «a; induces this isomorphism. For this we have to analyze
the map of cosimplicial commutative rings

ar : Sym”"(Z[~1]) — 2™
The cosimplicial ring Z*! is given by
[n] — Homset (2", Z)
and the cosimplicial ring Sym®"™(Z[—1]) is the cosimplicial subring obtained by restricting
to numerical maps in each degree. There is an even smaller cosimplicial abelian group given
by taking abelian group homomorphisms in each cosimplicial degree. The latter cosimplicial

abelian group is simply Z[—1]. The map from this cosimplicial abelian group to Z** induces
an isomorphism in cohomology in degree 1. It follows that the map

o : Sym"™(Z[-1]) — Z1

must be surjective on cohomology in degree 1. Since both the source and target cohomology
group are free of rank 1, the map «; is an isomorphism in this degree.
The fact that a; is an isomorphism in degree 0 is completely straightforward. g

Proposition 4.2. The map «,, is a weak equivalence of cosimplicial binomial Tings.

Proof. In order to simplify notations, we denote by F), the cosimplicial binomial ring
Sym”"(Z[—n]).The case n = 1 is treated in the previous proposition. Assume that the
result is known for n. We have a homotopy pushout square that we call 5]

Jopp— /

|

Z

Fy

obtained by applying the left Quillen functor Sym®™ to the following homotopy pushout
square in cAb :

Z[—-(n+1)]——0

| |

0 ——Z[—n]
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Similarly, we have a homotopy pullback square

Kn —_— %
b Kyt
which induces another homotopy pushout square in cBRing that we call Ss.
ZEKnt1 7

]

Z ZEn

The fact that Se is a homotopy pushout square is a consequence of the analogous fact in the
model category cRing (see [20, Theorem A.1]) and Proposition 3.10.

The maps a;, and «a;, 41 induce a map from Sy to So. Thanks to Proposition 3.10, homotopy
pushouts in cBRing coincide with homotopy pushouts in cRing and are simply given by the
relative derived tensor product. In this particular situation, the relative derived tensor product
Z ®% Z is the Bar construction of A usually denoted B(A).

In other words, we would like to prove that the map ay, 41 is a weak equivalence knowing
that o, = B(a,+1) is a weak equivalence. This follows from Theorem A.3. O

Proposition 4.3. The unit map 1, : K, — (Z%") is a weak equivalence.

Proof. Let us consider the composite

in which the second map is induced by the map «,,. By the previous theorem, the second map is
a weak equivalence, therefore, it is sufficient to prove that the composite map 3, : K, — (F,)
is a weak equivalence.

This fact follows immediately from the following three claims.

(1) The space (F,) is an Eilenberg-MacLane of type (Z,n).
(2) The class ¢, is in the image of H™(f3,), where t,, denotes the class in H"(K,;Z)
corresponding to 1 € Z through the Hurewicz isomorphism :

H™(K,:Z) =~ Hom(m,(K,), Z) =~ Z

(3) Amap f: K, > X where X is an Eilenberg-MacLane space of type (Z,n) is a weak
equivalence if and only if ¢,, is in the image of H"(f).

The proof of claim (1) is through the free-forgetful adjunction between cosimplicial abelian
groups and cosimplicial binomial rings :

<Fn> = mapcBRing(Fna Z) = mapcAb(Z[_n]a Z)

(note that F,, and Z[—n] are cofibrant in the respective model categories).

Now, we prove claim (3). Clearly the fact that ¢, is in the image is a necessary condition.
Conversely, if ¢, is in the image, then the map H™(f) is an isomorphism (indeed a morphism
of abelian groups that are abstractly isomorphic to Z is an isomorphism if and only if it is
surjective). By the universal coefficient theorem, we deduce that H,(f) is an isomorphism.
Finally by Hurewicz theorem, we deduce that m,(f) is an isomorphism. Since all the other
homotopy groups are trivial, we conclude that f is a weak equivalence.
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Finally in order to prove (2), we consider the composite
Vo By — ZFn) s 7K

where the first map is the counit of the adjunction and the second map is induced by (,.
Applying H™ to this map, we see that it is enough to prove that ¢, is is the image of H" (7).
By definition, the map £, is adjoint to the map a,, : F,, — Z it follows that the composite
“n is homotopic to the map «,,. But by construction the class ¢, is in the image of H"(cv,). O

5. MAIN THEOREM

Definition 5.1. Let {X,,},en be a tower of spaces. We say that this tower is convergent if
the connectivity of the map X,,+1 — X,, diverges to +c0.

Lemma 5.2. Let R be a ring. Let {X,}nen be a convergent tower, then the canonical map
H, (holim,, X,,; R) — lim,, Hy(X,; R)
is an isomorphism. The analogous statement holds for cohomology.

Proof. Let us fix a homological degree i. For any n, the map under consideration fits in a
commutative diagram

Hi(Xn; R)

T

H;(holim, X,; R) — limy, H;(X,; R)

By the convergence hypothesis, the map X,, — holim,, X,, induces an isomorphism in a
range of homotopy groups that diverges to +00 with n. Using standard algebraic topology
arguments, we deduce that the vertical map is an isomorphism for n large enough. Similarly,
the map H;(X,+1; R) — H;(X,; R) is an isomorphism for n large so the diagonal map is an
isomorphism for n large. ([l

Lemma 5.3. Let U c sSet be a full subcategory of the category of simplicial sets satisfying
the following conditions

(1) If X e U and Y is weakly equivalent to X, then Y € U.

(2) If X and Y are in U sois X x Y.

(3) If X - Y — Z is a homotopy fiber sequence in which Z is in U and simply connected
and Y isin U, then X is in U.

(4) If ... > Xp — X1 — ... X0 is a convergent tower in which all spaces are in U and
if the maps X,, — X1 are principal fibrations with fiber K(A,n) with A a finitely
generated abelian group and n = 1, then the homotopy limit of the tower is an element
of U.

(5) The spaces K(Z,n) are in U for any n > 1.

Then U contains all homotopy types that are nilpotent and of finite type.

Proof. Conditions (2) and (5) imply that the spaces K(A,n) are in U for any finitely generated
free abelian group A and any integer n > 1. Now let A be any finitely generated abelian
group and 0 — F} — Fy, — A — 0 be a short exact sequence with F} and Fb two finitely
generated free abelian groups. Then, we have a fiber sequence

K(A,n—1)— K(Fi,n) > K(Fy,n)
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which, by condition (3), implies that K (A,n) is in U for any n > 1. By [9, Proposition V.6.1],
a space that is nilpotent of finite type can be expressed as the limit of a tower

o Xpp1 > Xy o X1 >
in which, for all n, the map X,, — X,,_1 fits in a fiber sequence
Xp—Xp1— K(An7 kn)

where A,, is a finitely generated abelian group and k,, > 2 grows to infinity with n. Therefore,
condition (4) immediately gives us the conclusion. O

Theorem 5.4. The derived unit map
X —(Z*)

s a weak equivalence if X is a simplicial set which is connected nilpotent and of finite type.
Proof. Let us denote by U the full subcategory of sSet spanned by the simplicial sets for
which the theorem holds. By the previous lemma, it suffices to prove that U satisfies the
five conditions. Clearly, condition (1) is satisfied. Condition (2) follows from the Kiinneth
quasi-isomorphism

ZXXY ~ ZX ® ZY
and the observation that the tensor product in cBRing is the homotopy coproduct (Proposition
3.10). Condition (3) follows from the convergence of the Eilenberg-Moore spectral sequence.
Without loss of generality, we may assume that Y — Z is a fibration and that X is the actual
fiber at a given base point y € Y. Then by [20, Theorem A.1], the natural map

7' @y, 7 — 7X

is a quasi-isomorphism of cosimplicial rings and cosimplicial binomial rings (Proposition 3.10).
Since, the functor (—) sends homotopy colimits to homotopy limits, we obtain the desired
result.

We prove (4). Let ... > X,, > X,,—1 — ... X( be a convergent tower in which all spaces
are in U (the other conditions are not necessary). Let us denote by Y the homotopy limit of
the tower. Then the map

H*(X;2) — HM(Y; Z)
is an isomorphism for n big enough. It follows that the map

hocolim, ZX"» — ZY

is a weak equivalence. Again, using that the functor (—) sends homotopy colimits to homotopy
limits, we obtain the desired result.

Finally claim (5) is exactly Proposition 4.3. O

6. BEYOND NILPOTENT SPACES

In this section, we shall prove the following Theorem

Theorem 6.1. Let X be a connected simplicial set of finite type, then the obvious map
X —(Z%)

is weakly equivalent to the Bousfield-Kan Z-completion map X — Zy(X).
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We shall prove this theorem by using the work of Isaksen. In [13], for any ring R, Isaksen
constructs two model structures on the category of pro-simplicial sets. In one of them the weak
equivalence are the R-cohomology equivalences and in the other one, they are the R-homology
equivalences. Recall that given a pro-simplicial set Y = {Y,}aeca. Its cohomology is defined
by the formula

H*(Y; R) := colim, H*(Y,; R)
and its homology is the pro-R-module o — H(Y,; R).

We denote the cohomological (resp. homological) model structure on Pro(sSet) by LPro(sSet)
(resp. LrPro(sSet)). Isaksen observes that a homology equivalence is a cohomology equiva-
lence (by a pro-version of the universal coefficient theorem) but the converse does not hold.
The two model structure share the same cofibrations so the cohomological model structure is
a localization of the homological one.

Proposition 6.2. Let X be a connected space of finite type. Let X — {Yo} be a fibrant
replacement of X in L%Pro(sSet). Then the map X — {Y,} is a homology equivalence and so
is a fibrant replacement in LzPro(sSet).

Proof. We wish to show that the obvious map
colimy H'(Ya; M) — HY(X; M)

is an isomorphism for any abelian group M. By assumption it is an isomorphism for M = Z.
From this we deduce easily that it is an isomorphism for M finitely generated. In order
to prove it for a general M it suffices that both the source and the target preserve filtered
colimits in the M variable.

For this, we consider the following commutative diagram

colimg, Ext(H;_1(Ya; Z), M) — colim, H'(Y,, M) — colim, Hom(H;(Yy; Z), M)

| | l

Ext(H;_1(X;Z), M) Hi(X, M) Hom (H;(X;Z), M)

in which both rows are the short exact sequences given by the universal coefficient theorem.
The map of interest to us is the middle vertical map. The exactness of these rows implies that
it is enough to prove that the four external nodes in this diagram preserve filtered colimits
in the M variable. By Lemma 6.4 below, it suffices to prove that, for each i, H;(Yy;Z) is
isomorphic to a pro-finitely generated abelian group. By [13, Theorem 3.3|, we may assume
that Y, is at the top of a finite tower of fibrations with fibers of the form K(Z,n) with n > 1.
It is well-known that the homology of Eilenberg-MacLane spaces of type (Z,n) is finitely
generated in each degrees. Thus, an easy inductive argument using the Serre spectral sequence
shows that this is also the case for the homology of the spaces Y. O

Remark 6.3. It is clear that the proof above holds when Z is replaced by a principal ideal
domain. The case of a field coefficient is treated in [12, Proposition 3.11]. This Proposition
gives a partial answer to [13, Question 11.2]

Lemma 6.4. Let R be any ring. Let {Ay} be a pro-R-module group such that A, is finitely
generated for each a. Then the functor

M — HomPro Mod ({A } M)
from Modg to Modpg preserves filtered colimits. The same statement holds for the functor
M — EXtPro Mod 5 ({A } M)
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Proof. This functor is the filtered colimit of the functors
M — HomModR (Aa, M)

which all preserve filtered colimits. The case of Ext is similar since by [13, Lemma 4.2], we
have an isomorphism

EXtPro(ModR) ({Aa}, M) =~ colim, EXtModR(Aou M)
t

Proof of Theorem 6.1. Let X — Y = {Y,}aca be a fibrant replacement of X in L%Pro(sSet).
By the previous proposition, this is also a fibrant replacement in LzPro(sSet). By [13, Theorem
3.3], we may assume that each space Y, is nilpotent in the sense of [13, Definition 3.1]. Such
spaces are not necessarily connected but since X is connected, we may restrict to the connected
component Z, of each Y, that is hit by the map from X. By [13, Lemma 3.6], this component
is still nilpotent in the sense of [13, Definition 3.1] and by [13, Paragraph after question 10.4],
they are nilpotent in the usual sense. Moreover the map X — {Z,} is clearly still a homology
equivalence.

By [13, Proposition 7.3], another fibrant replacement of X is given by a strict fibrant
replacement of the tower n — P,Z,(X) with P, the n-th Postnikov section. In other words,
the two pro-spaces {Z,} and {P,Z,(X)} are weakly equivalent in the strict model structure
on pro-spaces, so we have a weak equivalence

holim Z, ~ holim P,,Z,,(X) ~ Zy(X)

where the last weak equivalence follows from Milnor’s short exact sequence. On the other hand,
since X — {Z,} is a Z-cohomology equivalence, we have a weak equivalence of cosimplicial
binomial rings hocolim Z%> — ZX and so we obtain a chain of weak equivalences

(Z*) ~ (hocolim ZZ*) ~ holim Z, ~ Z(X).

where the second equivalence comes from the fact that the spaces Z, are nilpotent of finite
type and Theorem 5.4. O

7. OTHER LOCALIZATIONS

In this section, for R a commutative ring, we denote by X — Ly (X) the localization of a
space X with respect to R-homology isomorphism.

Proposition 7.1. Let R be a subring of Q or the ring ¥y, for p a prime number. Let
F : sSet — sSet be a functor with a natural transformation id — F satisfying the following
properties.

(1) It preserves weak equivalences.
(2) It preserves products up to weak equivalences, i.e. the canonical map

F(X xY)—> F(X) x F(Y)

is a weak equivalence for all spaces X andY .

(8) It sends homotopy fiber sequences with simply connected base to homotopy fiber se-
quences.

(4) It preserves homotopy limit of convergent towers of principal fibration with fibers
K(A,n) withn =1 and A a finitely generated abelian group.

(5) The map K(Z,n) — F(K(Z,n)) is an R-localization for any n > 1.

Then, the map X — F(X) is an R-localization for any finite type nilpotent space.
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Proof. First, we check that R-localization satisfy the five properties above. Properties (1), (2)
and (5) are straightforward. Property (3) follows from the fact that R-localization preserves
simply connected spaces and the Eilenberg-Moore spectral sequence for fiber sequences (which
converges when the base is simply connected). It remains to prove property (4). Let {X,,} be
a tower satisfying the hypothesis. Because of property (3), the localized tower {Lr(X,,)} is
still a convergent tower. The canonical map

holim,, X, — holim,, Lr(X,,)

induces an isomorphism in homology because of Lemma 5.2 and the target is R-local because
R-local spaces are stable under homotopy limits. It follows that the target must be the
R-localization of the source as desired.

Now, we prove the proposition. Because of the previous paragraph, the class of spaces for
which the map X — F(X) is an R-localization satisfies the five conditions of Proposition 6.2.
So it must contain all of the nilpotent finite type spaces. O

Proposition 7.2. Let X be a finite type connected space. Let X — {Y,} be a fibrant
replacement of X in L%(Pro(sSet)). Then, the map
X — holim, Lr(Ys)

s equivalent to Bousfield-Kan R-completion.
Proof. In order to simplify notations, we write L instead of Lr. Arguing as in the Proof of
Theorem 6.1, we may assume that each of the spaces Y, is connected. By Proposition 6.2,
the map

X — {Y,}
is a Z-homology equivalence and thus an R-homology equivalence, and the map

{Yo} = {L(Ya)}

is an R-homology equivalence. By [13, Propsition 7.3], we can construct a fibrant replacement of
{L(Y,)} in LrPro(sSet) by taking a strictly fibrant replacement of the pro-space {P, R, L(Y,)}.

We denote by by {P,R,L(Y,)}/ this strict fibrant replacement. It follows from the discussion
above that the composite

X - {Yo} = {L(Ya)} = {PaRaL(Ya)} — {PuRyL(Ya)}

is a fibrant replacement of X in LgrPro(sSet). By [13, Proposition 7.3|, another fibrant
replacement of X is simply given by

X — {P,R, X}/
In particular, there is a weak equivalence in the strict model structure on pro-spaces
{P R, X} ~{P,R,L(Yy)}.
It follows that the two pro-spaces have the same homotopy limit so we have
Ry (X) ~ holimg, , P, Ry L(Ys).

Each of the spaces L(Y,) is a nilpotent R-local space so we have, for each a a weak
equivalence
holim,, P, R, L(Y,) ~ L(Yy).
Putting together these two weak equivalences, we find
Ry (X) ~ lim, L(Y,)
as desired. ]
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We are now equipped to prove the main theorem of this section.

Theorem 7.3. Let R be a subring of Q (resp. the ring Z,). Let X be a connected space of
finite type. Then the canonical map

X — IanapcBRing(ZXa R)
is equivalent to Bousfield-Kan R-completion (resp. F,-completion).

Proof. Let X — {Y,} be a fibrant replacement in L%Pro(sSet). Then, we have the following
sequence of weak equivalences
Rmap(Z~¥, R) ~ Rmap(hocolim, Z¥*, R) ~ holim, R map(Z¥*, R).
so according to the previous proposition, it suffices to show that the map
X — Rmap(Z¥, R)

is an R-localization (resp. Fp-localization) for nilpotent finite type spaces. For this, it suffices
to show that the functor
X — Rmap(Z~¥, R)

satisfies the five conditions of Proposition 7.1. But this is proved exactly as Theorem 5.4. [J

8. BINOMIAL AFFINE HOMOTOPY TYPE

We denote by Spec the functor from BRing® to Fun(BRing, Set) given by
Spec(A)(R) = Homgring(4, R).

More generally, let us consider the category Fun(BRing, sSet) of covariant functors from BRing
to sSet. For A an object in cBRing, we also denote by Spec the functor from cBRing®® —
Fun(BRing, sSet) given by

Spec(A)(R) = mapcBRing(A7 R)
It is clear that there is no conflict of notations since Spec(A)(R) is a constant simplicial set
when A is a constant cosimplicial binomial ring. We denote by R Spec(A) the functor

R — map(A°, R)
for A€ a cofibrant replacement of A.

Proposition 8.1. The functor A — RSpec(A) from cBRing°® to Fun(BRing,S) is homo-
topically fully faithful.

Proof. This is very similar to [19, Corollaire 2.2.3]. We define a binomial ring structure on an
object A of a category C with finite products to be the data of a lift of the functor

B — Homc (B, A)

from Fun(C°P, Set) to Fun(C°P, BRing).
Tautologically, the functor

A — Homgging (Num|z], A)

can be lifted from sets to binomial rings. This means that the binomial ring Num[z] has a
binomial ring structure in the category BRing®®. The functor Spec being a product preserving
functor from BRing®® to Fun(cBRing,sSet), we deduce that G, := Spec(Num[z]) has a
canonical binomial ring structure in Fun(BRing, Set)

This implies that the functor

O: X — ([n] — HomFun(BRing,Set) (Xnv Ga))
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lands in cBRing and clearly, this functor is left adjoint to Spec. Now, we observe that the
adjunction
O : Fun(BRing, sSet) < cBRing®® : Spec

is a Quillen adjunction when we give Fun(BRing, sSet) the projective model structure. So we
wish to prove that the unit map
A — LO Spec(A)

is a weak equivalence for any cofibrant A. For this, we first observe that the canonical map
A— hOlim[n]EA An

is a weak equivalence. It follows that Spec(A) ~ hocolim R Spec(A,,). Now, since Spec(Ay,) is
representable, it is in particular cofibrant. It follows that

LO Spec(A) ~ holim[,jea O Spec(4y,)

Thus, in order to conclude the proof, it suffices to observe that the map

R — O Spec(R).
is an isomorphism for R an object of BRing. This is simply Yoneda’s lemma. O
Remark 8.2. The object G, € Fun(BRing, Grp) is simply the binomial version of the additive
group :

R — (R, +).
We are reluctant to denote this object by G, as the representing object is not the same as the
representing object of G, : Ring — Grp.
More precisely, we may think of binomial rings as affine geometric objects over a deeper

base than Spec(Z), that we denote by Spec(Z"). Then the forgetful functor

U : BRing — Ring

should be thought of as the base change R — Z Qzpin R. Note that this base change notation
does not have any mathematical content, it is simply a rewriting of the forgetful functor. In
any case, the object G, is not the base change of G, from Spec(Z*") to Spec(Z). The latter
base change is what Toén calls the Hilbert additive group in [20].

We can go one step further and extend X% to all commutative rings. We denote by U,
the left Kan extension functor along the forgetful functor :

Uy : Fun(BRing, sSet) — Fun(Ring, sSet)
Proposition 8.3. The functor U, preserves weak equivalences and the induced functor
Ui : Fun(BRing,S) — Fun(Ring, S)
1s fully faithful.

Proof. By standard categorical nonsense, this left Kan extension functor is simply given
by precomposition with Biny the right adjoint functor to U so it obviously preserves weak
equivalences. It follows that the adjunction

U, : Fun(BRing, sSet) < Fun(Ring,sSet) : U*

is a Quillen adjunction in which both functors preserve weak equivalences. Thus, in order to
prove that the derived left adjoint is fully faithful, it suffices to prove that U, is fully faithful at
the 1-categorical level. This follows immediatly from the fact that U itself is fully faithful. O



BINOMIAL RINGS AND HOMOTOPY THEORY 19

Notation 8.4. For X a simplicial set, we write Xt for R Spec(Z~) € Fun(BRing, sSet). The
assignment X — X" descends to a functor

S — Fun(BRing, S)

By Theorem 5.4 and Proposition 8.1, this functor is fully faithful when restricted to spaces that
are nilpotent and of finite type. We also denote by X"" the functor U; X %" € Fun(Ring, sSet).
This is not a conflict of notation since, for R a binomial ring, we have U, X""(R) =~ X""(R).
Moreover, by Proposition 8.3, the assignment X — X"" from S to Fun(Ring,S) is also fully
faithful when restricted to spaces that are nilpotent and of finite type.

Remark 8.5. The functor X”" : BRing — sSet is represented by the cosimplicial algebra ZX.
That is, it is given by
R — mapcBRing(Aa R)

for A — Z*X a cofibrant replacement in cBRing. Hence, following Toén [19], we may call it a
“binomial affine stack”.
The extension of X”" to Ring is given by

R~ mapcBRing(Av Ban(R)) = mapcRing(UA7 R)

but it is almost never an affine stack in the sense of Toén. This is because the algebra UA
is not cofibrant in cRing in general. In fact, if we replace UA be a cofibrant algebra, the
resulting functor will be precisely what Toén calls the “affinisation” of the homotopy type X
which is denoted by (X ® Z)“* in [20]. By [20, Corollaire 5.1], the only space that is simply
connected and of finite type for which X”" coincides with (X ® Z)"™ is the point.

Proposition 8.6. Let X be a connected space of finite type.
(1) If R is a subring of Q, then the obvious map X — X" (R) coincides with Bousfield-
Kan R-completion.
(2) The obvious map X — X%"(Z,) coincides with Bousfield-Kan p-completion.
(3) If k is a finite field of characteristic p, then the map X — X' (k) coincides with
Bousfield-Kan p-completion.

Proof. The first two claims are the content of Theorem 7.3
The proof of (3) simply comes from the fact that for any finite field of characteristic p we
have Bing (k) = Z,,. O

9. A BINOMIAL GROTHENDIECK-TEICHMULLER GROUP

We denote by BStack the category Fun(BRing,sSet). This category is enriched over itself

by the formula
m(x7 Y)(R> = INAaPgyn(BRing,sSet) (X X SpeC(R)7 Y)

If X =Y is cofibrant and fibrant, then the object End(X) = Hom(X, X) is a functor from
BRing to fibrant simplicial monoids. We may apply the homotopy unit functor objectwise and
we obtain a functor from BRing to grouplike simplicial monoids that we call Aut(X). More
generally, if X is not cofibrant-fibrant, we denote by RAut(X) the result of applying Aut to a
cofibrant-fibrant replacement of X.

Example 9.1. Recall that G, € Fun(BRing, Grp) denotes the binomial additive group :
R— (R, +)
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Take X = T™ the n-dimensional torus. Then, we have X bin ~ Spec(Sym®"(Z"[—1])). so
we have X% = K(G",1). For R a binomial ring, we have the following sequence of weak
equivalences

ToRAUL(XP™)(R) = 7o map,gging (Sym"" (Z"[1]), Sym"™ (Z"[1]) ® R)* = GL,(R)

This construction extends to diagrams I — BStack. The category of such diagram is
enriched over BStack by the following equalizer diagram

Hom(F,G) — | [Hom(F(i),G(i)) = | [ Hom(F (i), G(5))
iel fri—g
In particular, if F': I — BStack is a functor, we may form RAut(F') which is a functor from

BRing to grouplike simplicial monoids.

Proposition 9.2. Let F': I — sSet be a functor taking values in spaces that are connected of
finite type. Let F¥™ : I — BStack the functor obtained by applying the construction X — Xm
objectwise. Then

(1) For R a subring of Q, we have a weak equivalence of simplicial monoids
RAut(FY")(R) ~ RAut(Rw(F))
(2) For p a prime, we have a weak equivalence of simplicial monoids
RAUt(F¥"™)(Z,) ~ RAut((F, ) (F))
Proof. This is an immediate consequence of Proposition 8.6. ]

Construction 9.3. Let D5 be the little 2-disks operad. We view D3 as a dendroidal space,
i.e. a diagram Q°P — sSet. Alternatively, we may view Dy as a weak operad in the sense
of [11, Definition 2.8] (i.e. a functor from WP to sSet satisfying a Segal condition for ¥ the
algebraic theory of single-colored operads). For R a binomial ring, we define

GT(R) = mo(RAUtpm(or BStack) (D5"™) (R))

This is our version of the Grothendieck-Teichmiiller group. Evaluation in arity 2 induces a
natural transformation

RAUt (or Bstack) (D5 ") — RAutgstack ((S)"").
Taking mg and using Example 9.1, this induces a natural transformation of functors from
BRing to groups :
x:GT - Gy,
where G,,(R) is the binomial multiplicative group given by R — (R*,.) (see Remark 8.2 for

the notation).

Theorem 9.4. The group GT is related to the pro-p Grothendieck-Teichmdiiller group GATp
and rational Grothendieck-Teichmiiller group GATQ as follows.

(1) We have GT(Z,) = GT,.

(2) We have GT(Q) = GTq.
Moreover, in case (1) the map x induces the pro-p cyclotomic character GATp — Z;; and in
case (2) the map x induces the rational cyclotomic character GATQ — Q*.
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Proof. By Proposition 9.2, we find that
GT(Zp) ~ ﬂoRAut((Fp)ong)

which according to [10, Theorem 5.7] is indeed isomorphic to dTp. Similarly, we have an
isomorphism

GT(Q) =~ CTq
by the main theorem of [8]. O

Remark 9.5. We could do a similar construction with the framed little 2-disks operad. The
resulting group will have the same Z, points by the main result of [4] (see also [10, Remark
5.8]). The Q-points of this group will also be isomorphic to GATQ although we do not know of
a reference for this fact.

APPENDIX A. CONSERVATIVITY OF THE BAR CONSTRUCTION

Let A be an augmented differential graded algebra over a commutative ring R. We assume
that A is flat over R. We can form the derived tensor product R ®% R. This can be explicitly
modelled by the bar complex

B(A) =T(sA,da +d)
where A denotes the augmentation ideal of A, T denotes the cofree conilpotent coalgebra
comonad, dy4 is induced by the differential of A and d’ is the bar differential induced by the
algebra structure. The goal of this section is to study the conservativity of the bar construction
functor. We are grateful to Dan Petersen for suggesting the proof of Theorem A.3.

Proposition A.1. (1) Let C be a chain complex of abelian groups, assume that for all
prime p, the chain complex C®HZ F, is acyclic and that C@HZ‘ Q is acyclic. Then C' is
acyclic.

(2) Let f : C — D be a map of chain complexes of abelian groups. Assume that for
all prime p, the map f ®HZ F, is a quasi-isomorphism and the map f ®HZ Q isa
quasi-isomorphism, then f is a quasi-isomorphism.

Proof. In this proof, we drop the LL superscript from the notation, all tensor products are
derived. First, we observe that part (2) of the proposition follows immediately from part (1).
Indeed, a map of chain complexes is a quasi-isomorphism if and only if its cofiber is acyclic
and taking cofiber commutes with derived tensor product.

We now prove part (1). First, using the short exact sequences

0—Z/p" - Z/p"™ - Z/p -0

and an obvious inductive argument, we can conclude, that C ® Z/p™ is acyclic for all n. It
follows that C'® Z/N is acyclic for all integer N. Since the group Q/Z is a filtered colimit of
finite cyclic groups, we deduce that C' ® Q/Z is also acyclic. Finally, the short exact sequence

0-Z->Q—->Q/Z—-0
lets us conclude that C' = C ® Z is also acyclic. O

We switch from augmented (co)algebras to non-unital (co)algebras (recall that the functor
that sends an augmented algebra to its augmentation ideal is an equivalence of categories and
similarly for coalgebras). In the rest of this proof, algebra and coalgebras are non-unital and
non-counital.
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The bar construction functor lands in coalgebras :
B : dgAlg — dgCoalg
It has a left adjoint called the cobar construction :
Q) : dgCoalg — dgAlg

Proposition A.2. The cobar construction sends quasi-isomorphisms between simply cocon-
nected coalgebras (i.e. such that C; =0 fori > —1) to quasi-isomorphisms.

Proof. The cobar construction is given by
Q(C) = (T(s7'C),dc + d')
where d’ is constructed using the coalgebra structure. There is an obvious decreasing filtration
on Q(C) given by length of tensors
F,(C) = @i;n(s_lc)@l c T(S_IC)

We claim that if C is simply coconnected, the map
(A.1) Q(C) — lim,Q(C)/F,(22(C))
is a quasi-isomorphism. For this it suffices to observe that

(1) This limit is in fact a homotopy limit.

(2) The obvious map

H;(holim,, (C)/Fy((C))) — limy, H; (Q(C)/F (2(C)))

is an isomorphism.
(3) For each i, the composed map

H;(C)) — lim, H;(Q(C)/Fa(2(C)))
is an isomorphism.

The first claim follows from the fact that the transition maps are all epimorphisms in this
tower. The second claim uses the Milnor short exact sequence and the fact that the lim'-term
vanishes by the Mittag-Leffler criterion. For the last claim, we observe that F,(2(C)) is
concentrated in homological degrees less than —n by the coconnectedness assumption. It
follows that for any ¢, the map

H;(Q(C)) — Hy(Q(C)/Fn(2(C)))

is an isomorphism for n large enough.

Now that we know that the map A.l is a quasi-isomorphism, the proposition is easy to
prove. Let f: C — D be a quasi-isomorphism between simply-coconnected coalgebras. It
suffices to consider the following commutative square

Q(C) —— 1im, Q(C)/F(2(C))

w

Q(D) —1im, Q(C)/F,(Q(D))

in which both vertical maps are induced by f. All we have to do is prove that the right
vertical map is a quasi-isomorphism. Since we know that both limits are in fact homotopy
limits, it suffices to prove that for each n the map

QC)/Fa(Q(C)) — QD) /Fn (D))
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is a quasi-isomorphism. By an inductive argument it is enough to show that for all n, the
map induced by f :

Fn1 (QC))/Fn(AC)) — Foa (UC))/Fn(2(C))

is a quasi-isomorphism which follows immediately from the fact that f is a quasi-isomorphism.
O

Theorem A.3. Let K denote the ring Z or a field. Let f: A — A’ be a map of augmented
0-coconnected dg-algebras over K. Assume that

B(f): B(A) —» B(4)
s a quasi-isomorphism. Then f is a quasi-isomorphism.

Proof. Thanks to the first proposition, we may reduce the case of Z to the case of a field so
from now on, we assume that K is a field.

Thanks to the second proposition, we know that Q(B(f)) : QB(A) — QB(A’) is a
quasi-isomorphism. Finally, the canonical maps QB(A) — A and QB(A’) — A’ are quasi-
isomorphisms by [15, Corollary 2.3.4] which concludes the proof. O
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