
BINOMIAL RINGS AND HOMOTOPY THEORY

GEOFFROY HOREL

Abstract. We produce a fully faithful functor from finite type nilpotent spaces to cosimplicial
binomial rings, thus giving an algebraic model of integral homotopy types. As an application, we
construct an integral version of the Grothendieck-Teichmüller group.

The goal of this paper is to develop an integral version of Sullivan’s rational homotopy theory.
Recall that Sullivan proved the following theorem.
Theorem ([Sul77]). There is a functor Ω˚PL from the homotopy category of simplicial sets to the
opposite of the homotopy category of commutative differential graded algebras which is a left adjoint
and whose right adjoint is denoted A ÞÑ xAy. When restricted to simplicial sets X that are nilpotent
and of finite type, the unit of this adjunction

X Ñ xΩ˚PLpXqy
is a model for the localization with respect to rational homology isomorphisms.

This theorem implies in particular the following formula for the rational homotopy groups of a
pointed space X which is nilpotent and of finite type

πipXq bQ – πixΩ˚PLpXqy.
In this formula, the ´bQ functor is the left adjoint to the inclusion of nilpotent groups in nilpotent
uniquely divisible groups (in particular it is indeed given by simply tensoring with Q when restricted
to abelian groups). The functor Ω˚PL is a piecewise linear version of algebraic differential forms, it is
quasi-isomorphic to the standard singular cochains functors.

It is very natural to try to extend Sullivan’s theorem from rational homotopy theory to integral
homotopy theory. There is no integral version of Sullivan’s functor and in fact it can be shown that
no strictly commutative model for integral cochains can exist as this would imply the triviality of
Steenrod operations. Nevertheless, the singular cochain functor lands in E8-algebras. There is in fact
a more primitive invariant taking values in cosimplicial commutative rings given by taking degreewise
the Hom from a simplicial set to the integers.

Viewing the singular cochain functor as a functor to E8-algebras in cochain complexes or cosim-
plicial commutative ring, there are precise analogues of Sullivan’s theorem due to Mandell and Toën
respectively.
Theorem (Mandell [Man06], Toën [Toë20]). Let X ÞÑ C˚pXq (resp. X ÞÑ ZX) be the singular cochain
functor from the homotopy category of simplicial sets to the opposite of the homotopy category of
E8-differential graded algebras (resp. cosimplicial commutative rings). This functor is a left adjoint.
The right adjoint is denoted A ÞÑ xAy. When restricted to simplicial sets X that are nilpotent and
of finite type, this functor is faithful. Moreover, two simplicial sets that are nilpotent and of finite
type X and Y are weakly equivalent if and only if C˚pXq and C˚pY q (resp. ZX and ZY ) are weakly
equivalent as E8-differential graded algebras (resp. cosimplicial commutative rings).

The sticking point shared by these two theorems is the lack of fullness of the cochain functor. In the
present paper, we suggest a way to fix this problem by attaching more structure to the functor X ÞÑ ZX .
We make the observation that the cosimplicial commutative ring ZX is degreewise a binomial ring.
Binomial rings are rings in which generalized binomial coefficients are well-defined. Alternatively, they
are torsion-free lambda rings in which the identity map is a Frobenius lift at all prime. Our main
result is then the following.

1



2 GEOFFROY HOREL

Theorem. There exists a model structure on cosimplicial binomial rings in which the weak equivalences
are the quasi-isomorphisms. Let us denote by cBRing the resulting 8-category. The functor

X ÞÑ ZX

from S to cBRingop is a left adjoint. The right adjoint is given by the formula

A ÞÑ mapcBRingpA,Zq.

The unit of this adjunction is equivalent to the map X Ñ Z8pXq from X to its Bousfield-Kan Z-
completion for X connected of finite type. In particular, this map is a weak equivalence for X nilpotent
of finite type.

Following Toën [Toë06], we also make a version of a binomial affine homotopy type attached to a
homotopy type. Given a homotopy type X, we may construct the functor Xbin from the category of
binomial rings to the 8-category of spaces given by the formula

XbinpRq “ mapcBRingpZX , Rq.

We show that the functor X ÞÑ Xbin is fully faithful when restricted to nilpotent and finite type spaces.
Moreover this object recovers the various localizations of X. For any subring R of Q, the space XbinpRq
is the R-localization of X while the space XbinpZpq is the p-completion of X. This object can be used
to define a “binomial algebraic group” of homotopy automorphisms of a space. As an application of
this theory we construct an integral version of the Grothendieck-Teichmüller group. This is a functor
from binomial rings to groups that includes both the pro-algebraic Grothendieck-Teichmüller group
and the pro-p Grothendieck-Teichmüller group.

Related work. To the best of the author’s knowledge, the first occurence of binomial rings in
homotopy theory is in [Wil76]. In this paper, Wilkerson constructs functor from binomial rings to
homotopy types which is very likely to be equivalent to our functor X ÞÑ Xbin constructed in Section
8. This paper was also very much influenced by the paper [Eke02] by Ekedahl, in which a model for
homotopy types is constructed in the category of simplicial free abelian groups and numerical maps.
Although we do not know exactly how to compare the present work to Ekedahl’s work we believe
that there is a strong relationship. In particular, our Proposition 4.1 seems to be very similar to
the proof of [Eke02, Lemma 2.7]. This paper also owes a lot to the papers [Toë06] and [Toë20] that
are themselves influenced by Grothendieck’s Pursuing stacks. In particular, our Proposition 4.3 is
essentially equivalent to [Toë20, Corollaire 3.4].

In a different direction, the paper [Yua23] by Allen Yuan gives a different model of integral homotopy
types using cochains valued in the sphere spectrum. Even though there does not seem to be a direct
comparison functor between Yuan’s model and ours, both rely on the idea of homotopy trivializing the
Frobenius map. Finally let us mention the work [BH19] in which the authors identify simply connected
spaces with a full subcategory of coalgebras over a certain comonad on chain complexes. In the current
work we identify finite type simply connected spaces with a full subcategory of algebras over a certain
monad on cochain complexes (Theorem 3.12). The additional finite type assumption comes from the
fact that we are working cohomologically instead of homologically.
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Agence Nationale pour la Recherche (ANR) project number ANR-20-CE40-0016 HighAGT as well
as the Romanian Ministry of Education and Research, grant CNCS-UE-FISCDI, project number
PN-III-P4-ID-PCE-2020-279.
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Conventions. We denote by N the set of non-negative integers.
We denote ordinary categories in sans-serif characters and the underlying 8-categories of a model

category in calligraphic characters. For instance, we denote by cBRing the model category of cosimplicial
commutative rings and by cBRing the underlying 8-category. We denote by S the 8-category of
spaces.

If C is a simplicial category, we denote the mapping simplicial set by mapC. If C is an 8-category,
we denote by mapC the infinity-categorical mapping space.

1. Binomial rings

We use the word ring for commutative unital rings. We denote by Ring the category of rings.

Definition 1.1. A binomial ring is a ring R whose underlying abelian group is torsion-free and such
that, for all a P R and n P N, the product

n´1
ź

i“0
pa´ iq

is divisible by n!.

Notation 1.2. In the following, for a an element of a binomial ring and n P N, we write
ˆ

a

n

˙

“

śn´1
i“0 pa´ iq

n! .

Remark 1.3. Binomial rings appear under the name numerical ring and with a different axiomatic
in [Eke02]. The equivalence between the two notions is proved in [Xan11]. We can also alternatively
define a binomial ring as torsion free commutative ring in which the identity map is a Frobenius lift
for any prime [Ell06, Theorem 4.1]. As such binomial rings are particular lambda rings.

We shall recall in this section some important facts about the category of binomial rings. All of the
results can be found in [Ell06]. We denote by BRing the category of binomial rings. Morphisms of
binomial rings are, by definition, morphisms of rings. So there is a forgetful functor

U : BRing Ñ Ring

which is fully faithful. This functor has a left adjoint denoted BinU . Explicitly, for a ring A, the ring
BinU pAq is the intersection of all binomial subrings of AbZ Q containing the image of AÑ AbZ Q.

The forgetful functor U also has a right adjoint denoted BinU . Given a ring A the ring BinU pAq
is the subring of the ring of big Witt vectors W pAq consisting of elements that are fixed by all the
Frobeniuses.

The existence of these adjoints implies that the forgetful functor U preserves limits and colimits. In
particular, the conditions of Beck’s monadicity theorem are satisfied and the adjunction

BinU : Ring Ô BRing : U

exhibits BRing as the category of algebras over the associated monad.
Given a set S, the ring BinU pZrSsq is the ring of numerical polynomials in S variables. This ring

is simply the subring of QrSs whose elements are the polynomials f in S-variables with rational
coefficients such that fpZSq Ă Z. Note that this ring is strictly larger than ZrSs. For example, the
polynomial

FppXq “
Xp ´X

p

with p a prime number is a polynomial whose coefficients are not integers but which is such that
Fppnq P Z for any n P Z.

Notation 1.4. We denote by NumrSs the ring BinU pZrSsq of numerical polynomials in S variables.
When the variables are called x1, . . . , xn, we simply write Numrx1, . . . , xns.
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2. The cobar construction of Numrxs

In this section, we compute the cohomology of the cobar construction of the ring Numrxs. This
computation will play an important role in the proof of our main theorem.

Let C be a coalgebra over Z which is flat as an abelian group. Assume that C is equipped with a
coaugmentation Z Ñ C. Then the cobar construction of C is the cochain complex ΩpCq associated to
the cosimplicial object

rns ÞÑ Cbn

in which the inner cofaces are obtained by applying the diagonal map and the outer cofaces are given
by the coaugmentation. The goal of this subsection is to compute the cobar construction of Numrxs.
On top of being a commutative ring, Numrxs is a cocommutative coalgebra with coproduct

∆ : Numrxs Ñ Numrxs bNumrxs – Numrx, ys
given by the formula

∆pfqpx, yq “ fpx` yq.

Proposition 2.1. The cohomology of ΩpNumrxsq is free of rank 1 in cohomological degree 0 and 1
and is zero in any other degree.

Proof. The coalgebra Numrxs is, as an abelian group, isomorphic to the direct sum ‘nPN
`

x
n

˘

by [Ell06,
Lemma 2.2]. We have the Vandermonde identity which describes the diagonal in N :

∆
ˆ

x

n

˙

“

ˆ

x` y

n

˙

“
ÿ

p`q“n

ˆ

x

p

˙ˆ

y

q

˙

.

From this formula, we see that the coalgebra N is graded by declaring
`

x
n

˘

to be of degree n (beware
that, with this convention, the two maps Zrxs Ñ Numrxs and Numrxs Ñ Qrxs are not maps of graded
abelian groups).

It follows that the cohomology of the cobar construction of Numrxs inherits an extra grading on
top of the cohomological grading. We shall show that it is free of rank 1 in bidegrees p0, 0q and p1, 1q
and is zero otherwise (our convention is cohomological degree then internal degree). Since the cochain
complex ΩpNumrxsq is finitely generated and free in each degree, we may apply the duality functor
p´q_ “ Homp´,Zq to it and obtain a chain complex of graded abelian groups. We shall prove that
the homology of ΩpNumrxsq_ is free of rank 1 in (homological) bidegrees p0, 0q and p1, 1q. By the
universal coefficient theorem, this will imply the desired result.

In order to prove this final claim, it suffices to make two observations. First the dual of Numrxs (in
the graded abelian group category) is the graded algebra Zrxs thanks to the explicit formula that we
have for the diagonal. Second, the chain complex ΩpNumrxsq_ can be identified immediatly with the
bar construction of Numrxs_ – Zrxs. The homology of the bar construction of Zrxs is well-known to
be of the desired form. �

3. Cosimplicial binomial rings

We denote by cAb the category of cosimplicial abelian groups. Recall that the Dold-Kan equivalence
gives an equivalence of categories between cAb and Ch˚pZq the category of non-negatively graded
cochain complexes (or non-positively graded chain complexes). This equivalence is realized by the
normalized cochain complex functor

N : cAb Ñ Ch˚pZq
that sends a cosimplicial abelian group A‚ to the cochain complex

NpAqn :“ An{p
n
à

i“0
Impsiqq

with differential given by the alternating sum of coface maps. The inverse of this functor is denoted Γ.
In order to simplify notations, we will often omit Γ and allow ourselves to view a cochain complex
as a cosimplicial abelian group. We shall also use homological grading. So we write Zr´ns for the
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cosimplicial abelian group obtained by applying Γ to the chain complex given by Z in cohomological
degree n and zero in any other degree.

We denote by cRing the category of cosimplicial rings. Similarly, we denote by cBRing the category
of cosimplicial binomial rings. We extend the functors U , BinU ann BinU to cRing and cBRing by
applying them in each cosimplicial degree. We obtain adjunctions

BinU : cRing Ô cBRing : U

and
U : cBRing Ô cRing : BinU .

Theorem 3.1. There is a simplicial model structure on cAb in which the weak equivalences are the
quasi-isomorphism and the fibrations are the epimorphisms.

Proof. This is simply the projective model structure on cochain complexes of abelian groups transferred
along the Dold-Kan equivalence

N : cAb Ô Ch˚pZq : Γ

It suffices to check that the fibrations are exactly the epimorphisms. This is the case in the projective
model structure of cochain complexes and epimorphisms are preserved and reflected along an equivalence
of categories.

This model structure is simplicial. The cotensoring is given by the following formula

AX :“ rps ÞÑ pApqXp .

where A is a cosimplicial abelian group and X is a simplicial set. �

Remark 3.2. In cochain complexes or cosimplicial abelian groups, the epimorphisms are exactly the
degreewise epimorphisms.

Theorem 3.3. There is a simplicial model structure on cRing in which
(1) The weak equivalences are the quasi-isomorphisms.
(2) The fibrations are the maps that are degreewise epimorphisms of abelian groups.

Proof. This is a standard transfer theorem. This can be found in [Toë06, Théorème 2.1.2]. The model
structure on cAb is cofibrantly generated and all objects are fibrant. Moreover, there is a functorial
path object in cRing given by A ÞÑ AI where we denote by I the simplicial set represented by the
object r1s in ∆. Clearly, in the factorization

AÑ AI Ñ AˆA

the first map is a weak equivalence and the second map is a fibration because the same is true in
cAb. Thus the model structure on cAb can be transferred thanks to the path object argument [SS00,
Lemma 2.3]. �

Remark 3.4. It is not the case that an epimorphism of commutative rings is necessarily an epimorphism
of the underlying abelian groups. A counter-example is given by the unit map Z Ñ Q.

We shall now show that the forgetful functor preserves geometric realization. This will rely on the
following proposition.

Proposition 3.5. Let M be a simplicial category, let T be a simplicial monad on M and

FT : M Ô MT : UT

be the corresponding adjunction. Assume that T : M ÑM preserves geometric realization of simplicial
diagrams. Then UT preserves geometric realization of simplicial diagrams.
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Proof. Let A‚ be a simplicial diagram in MT . Then, by hypothesis, we have an isomorphism

T |UT pA‚q| – |T pUT pA‚qq|

This makes the object |UT pA‚q| into a T -algebra via the map

T |UT pA‚q| – |T pUT pA‚qq| Ñ |UT pA‚q|

where the second map uses the T -structure of each of the objects An. We shall show that the object
|UT pA‚q| equipped with this T -algebra structure satisfies the universal property for being the geometric
realization (in MT ) of the simplicial diagram A‚. This will imply that the canonical map

|UT pA‚q| Ñ UT |A‚|

is an isomorphism as desired.
Now, we prove the claim. Let B be an object of MT , we have an equalizer diagram

mapMT p|UT pA‚q|, Bq Ñ mapM p|UT pA‚q|, UTBq Ñ mapM pT |UT pA‚q|, UTBq

By our hypothesis, and the universal property of the geometric realization (a particular type of weighted
colimit), we can rewrite this equalizer diagram as

mapMT p|UT pA‚q|, Bq Ñ Tot mapM pUT pA‚q, UTBq Ñ Tot mapM pTUT pA‚q, UTBq

where Tot denotes the totalization in simplicial sets. Since Tot commutes with equalizers, we have

mapMT p|UT pA‚q|, Bq – TotreqpmapM pUT pA‚q, UTBq Ñ mapM pTUT pA‚q, UTBqqs
– TotrmapMT pA‚, Bqs

– mapMT p|A‚|, Bq

�

As a corollary, we obtain the following proposition.

Proposition 3.6. The forgetful functor

cRing Ñ cAb

preserves geometric realizations of simplicial diagrams.

Proof. Thanks to the previous proposition, it suffices to prove that the free commutative algebra
monad preserves geometric realization. This monad is made using direct sums, orbits and the functors
X ÞÑ Xbn, n P N. These three operations do preserve geometric realization. �

There is a similar model structure on cBRing.

Theorem 3.7. There is a model structure on cBRing in which
(1) The weak equivalences are the quasi-isomorphisms.
(2) The fibrations are the maps that are degreewise epimorphisms of abelian groups.

Moreover, this model structure is simplicial and the adjunction

BinU : cRing Ô cBRing : U

is a Quillen adjunction.

Proof. The proof is the same, using the fact that A ÞÑ AI can also serve as a path object in cBRing. �

Proposition 3.8. The forgetful functor

U : cBRing Ñ cRing

preserves the tensoring by simplicial sets.
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Proof. In both categories, the tensor of A‚ by K P sSet is given by the following coend

pK‚ bA
‚qn “ pK ˆ∆nq‚ b∆ A‚.

This formula can be found in [Bou03, Section 2.10]. The forgetful functor has a right adjoint so it
preserves all colimits and tensoring by sets (as those are simply given by coproducts) so it will preserve
the tensoring by simplicial sets. �

Proposition 3.9. The forgetful functor

W : cRing Ñ cAb
preserves and reflects filtered homotopy colimits and homotopy colimits indexed by ∆op.

Proof. Since this functor is homotopy conservative, it is enough to show that it preserves those
homotopy colimits. Filtered colimits in cosimplicial abelian groups are automatically derived and the
forgetful functor does preserve ordinary filtered colimits so the first claim is obvious. For homotopy
colimits indexed by ∆op, we use Proposition 3.5 which proves that the forgetful functor preserves
geometric realizations. In a model category, geometric realization coincides with homotopy colimits
for Reedy cofibrant objects. It turns out that, in cosimplicial abelian groups, geometric realizations
are automatically derived since every simplicial diagram of cosimplicial abelian groups is Reedy
cofibrant. �

Proposition 3.10. The forgetful functor

U : cBRing Ñ cRing
preserves and reflects homotopy colimits.

Proof. Since this functor is homotopy conservative, it suffices to prove that it preserves homotopy
colimits. For this, it is enough to prove that it preserves finite homotopy coproducts, filtered homotopy
colimits and homotopy colimits indexed by ∆op. The case of filtered colimits is straightforward since
these are computed in cAb. The case of finite coproducts is also easy as these are simply given by the
derived tensor product in both categories and in cBRing, tensor products are automatically derived
since a binomial ring is flat.

For homotopy colimits indexed by ∆op, using the previous lemma, it is enough to prove that the
forgetful functor

V : cBRing Ñ cAb
preserves them. Moreover, arguing as in the proof of the previous lemma, it is enough to show that V
preserves geometric realizations of simplicial diagrams. We already know that the forgetful functor
cRing Ñ cAb preserves geometric realizations. The forgetful functor U : cBRing Ñ cRing also preserves
geometric realizations. Indeed, this functor preserves colimits and the tensoring by simplicial sets
thanks to Proposition 3.8. So V preserves geometric realizations as it is the composite of two functors
that do so. �

Remark 3.11. Even though the functor U : cBRing Ñ cRing is fully faithful, the induced functor
between the homotopy categories is not. Indeed, it follows from our main theorem (Theorem 5.4)
that the mapping spaces between cosimplicial binomial rings of the form ZX for a reasonable space
are weakly equivalent to the mapping spaces between the corresponding spaces. However, this is
not the case in cRing. This kind of situation happens quite often in homotopy theory (for example,
the 1-category of chain complexes of Fp-vector spaces is a full subcategory of the category of chain
complexes of abelian groups but this is no longer true after inverting quasi-isomorphisms). Nevertheless,
this forgetful functor is monadic as shown by the following theorem.

Theorem 3.12. Let us denote by cBRing and cRing the 8-categories underlying the model categories
cBRing and cRing. The right adjoint functor

U : cBRing Ñ cRing
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exhibits the 8-category cBRring as the 8-category of algebras over the corresponding monad. The
same can be said for the right adjoint functor

V : cBRing Ñ DpZqď0

Proof. This is an application of the Barr-Beck-Lurie monadicity theorem. In both cases, the functor is
conservative and preseves colimits indexed by ∆op thanks to Proposition 3.9 and Proposition 3.10. �

4. Main theorem for Eilenberg-MacLane spaces

We define a functor sSet Ñ cBRingop by the formula X ÞÑ ZX . Since ZX is degreewise a product of
copies of Z, it is indeed a cosimplicial binomial ring. This functor is a left adjoint. Its derived right
adjoint is denoted

A ÞÑ xAy.

Explicitly, this derived right adjoint is given by
A ÞÑ mapcBRingpA

c,Zq

where Ac »
ÝÑ A is a cofibrant replacement. Our main theorem, Theorem 5.4 below, is that the derived

unit map
X Ñ xZXy

is a weak equivalence for reasonable spaces. In this section we shall focus on the case of Eilenberg-
MacLane spaces.

We denote by Kn an Eilenberg-MacLane space of type pZ, nq. An explicit model is given by the
inverse simplicial Dold-Kan functor applied to the chain complex Zrns. The counit of the free-forgetful
adjunction between simplicial abelian groups and simplicial sets gives us a map of simplicial abelian
groups

ZxKny Ñ Zrns
(where Zx´y is our notation for the free abelian group functor). If we apply the duality functor
M ÞÑ HompM,Zq to this map, we obtain a map of cosimplicial abelian groups

Zr´ns Ñ ZKn .
Finally, we can use the free-forgetful adjunction between cosimplicial abelian groups and cosimplicial
binomial rings to produce a map of cosimplicial binomial rings

αn : Symbin
pZr´nsq Ñ ZKn ,

where Symbin
pAq :“ BinU pSympAqq is our notation for the free binomial ring on an abelian group A.

Proposition 4.1. The map α1 is a weak equivalence.

Proof. This fact and the next Theorem are equivalent to [Toë20, Corollaire 3.4]. We shall give an
independant proof. We first compute Symbin

pZr´1sq. The simplicial abelian group Zr1s is the usual
simplicial bar construction for Z given by

rns ÞÑ Zn

with face maps given by addition of two consecutive factors or the zero map Z Ñ 0 for the two extreme
face maps. The cosimplicial abelian group Zr´1s is its dual. It is given by

rns ÞÑ Zn

with coface maps induced by the diagonal map Z Ñ ZˆZ or the zero map 0 Ñ Z for the two extreme
coface maps. Therefore the cosimplicial binomial ring Symbin

pZr´1sq is given by
rns ÞÑ Numrxsbn

with cofaces induced by the comultiplication map
Numrxs Ñ Numrxs bNumrxs
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or the unit Z Ñ Numrxs for the two extreme coface maps. This cosimplicial object is simply the cobar
construction of the coalgebra Numrxs. Thanks to Proposition 2.1, we know that the cohomology of
this object is abstractly isomorphic to the cohomology of ZK1 » ZS1 .

It remains to show that the map α1 induces this isomorphism. For this we have to analyze the map
of cosimplicial commutative rings

α1 : Symbin
pZr´1sq Ñ ZK1

The cosimplicial ring ZK1 is given by
rns ÞÑ HomSetpZn,Zq

and the cosimplicial ring Symbin
pZr´1sq is the cosimplicial subring obtained by restricting to numerical

maps in each degree. There is an even smaller cosimplicial abelian group given by taking abelian group
homomorphisms in each cosimplicial degree. The latter cosimplicial abelian group is simply Zr´1s.
The map from this cosimplicial abelian group to ZK1 induces an isomorphism in cohomology in degree
1. It follows that the map

α1 : Symbin
pZr´1sq Ñ ZK1

must be surjective on cohomology in degree 1. Since both the source and target cohomology group are
free of rank 1, the map α1 is an isomorphism in this degree.

The fact that α1 is an isomorphism in degree 0 is completely straightforward. �

Proposition 4.2. The map αn is a weak equivalence of cosimplicial binomial rings.

Proof. In order to simplify notations, we denote by Fn the cosimplicial binomial ring Symbin
pZr´nsq.The

case n “ 1 is treated in the previous proposition. Assume that the result is known for n. We have a
homotopy pushout square that we call S1

Fn`1 //

��

Z

��
Z // Fn

obtained by applying the left Quillen functor Symbin to the following homotopy pushout square in
cAb :

Zr´pn` 1qs //

��

0

��
0 // Zr´ns

Similarly, we have a homotopy pullback square
Kn

//

��

˚

��
˚ // Kn`1

which induces another homotopy pushout square in cBRing that we call S2.

ZKn`1 //

��

Z

��
Z // ZKn

The fact that S2 is a homotopy pushout square is a consequence of the analogous fact in the model
category cRing (see [Toë20, Theorem A.1]) and Proposition 3.10.

The maps αn and αn`1 induce a map from S1 to S2. Thanks to Proposition 3.10, homotopy
pushouts in cBRing coincide with homotopy pushouts in cRing and are simply given by the relative



10 GEOFFROY HOREL

derived tensor product. In this particular situation, the relative derived tensor product ZbLA Z is the
Bar construction of A usually denoted BpAq.

In other words, we would like to prove that the map αn`1 is a weak equivalence knowing that
αn “ Bpαn`1q is a weak equivalence. This follows from Theorem A.3. �

Proposition 4.3. The unit map ηn : Kn Ñ xZKny is a weak equivalence.

Proof. Let us consider the composite

βn : Kn Ñ xZKny Ñ xFny

in which the second map is induced by the map αn. By the previous theorem, the second map is a
weak equivalence, therefore, it is sufficient to prove that the composite map βn : Kn Ñ xFny is a weak
equivalence.

This fact follows immediately from the following three claims.
(1) The space xFny is an Eilenberg-MacLane of type pZ, nq.
(2) The class ιn is in the image of Hnpβnq, where ιn denotes the class in HnpKn; Zq corresponding

to 1 P Z through the Hurewicz isomorphism :

HnpKn; Zq – HompπnpKnq,Zq – Z

(3) A map f : Kn Ñ X where X is an Eilenberg-MacLane space of type pZ, nq is a weak equivalence
if and only if ιn is in the image of Hnpfq.

The proof of claim (1) is through the free-forgetful adjunction between cosimplicial abelian groups
and cosimplicial binomial rings :

xFny :“ mapcBRingpFn,Zq – mapcAbpZr´ns,Zq

(note that Fn and Zr´ns are cofibrant in the respective model categories).
Now, we prove claim (3). Clearly the fact that ιn is in the image is a necessary condition. Conversely,

if ιn is in the image, then the map Hnpfq is an isomorphism (indeed a morphism of abelian groups
that are abstractly isomorphic to Z is an isomorphism if and only if it is surjective). By the universal
coefficient theorem, we deduce that Hnpfq is an isomorphism. Finally by Hurewicz theorem, we deduce
that πnpfq is an isomorphism. Since all the other homotopy groups are trivial, we conclude that f is a
weak equivalence.

Finally in order to prove (2), we consider the composite

γn : Fn Ñ ZxFny Ñ ZKn

where the first map is the counit of the adjunction and the second map is induced by βn. Applying
Hn to this map, we see that it is enough to prove that ιn is is the image of Hnpγnq. By definition, the
map βn is adjoint to the map αn : Fn Ñ ZKn , it follows that the composite γn is homotopic to the
map αn. But by construction the class ιn is in the image of Hnpαnq. �

5. Main theorem

Definition 5.1. Let tXnunPN be a tower of spaces. We say that this tower is convergent if the
connectivity of the map Xn`1 Ñ Xn diverges to `8.

Lemma 5.2. Let R be a ring. Let tXnunPN be a convergent tower, then the canonical map

H˚pholimnXn;Rq Ñ limnH˚pXn;Rq

is an isomorphism. The analogous statement holds for cohomology.
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Proof. Let us fix a homological degree i. For any n, the map under consideration fits in a commutative
diagram

HipXn;Rq

�� ))
HipholimnXn;Rq // limnHipXn;Rq

By the convergence hypothesis, the map Xn Ñ holimnXn induces an isomorphism in a range of
homotopy groups that diverges to +8 with n. Using standard algebraic topology arguments, we
deduce that the vertical map is an isomorphism for n large enough. Similarly, the map HipXn`1;Rq Ñ
HipXn;Rq is an isomorphism for n large so the diagonal map is an isomorphism for n large. �

Lemma 5.3. Let U Ă sSet be a full subcategory of the category of simplicial sets satisfying the
following conditions

(1) If X P U and Y is weakly equivalent to X, then Y P U .
(2) If X and Y are in U so is X ˆ Y .
(3) If X Ñ Y Ñ Z is a homotopy fiber sequence in which Z is in U and simply connected and Y

is in U , then X is in U .
(4) If . . .Ñ Xn Ñ Xn´1 Ñ . . . X0 is a convergent tower in which all spaces are in U and if the

maps Xn Ñ Xn´1 are principal fibrations with fiber KpA,nq with A a finitely generated abelian
group and n ě 1, then the homotopy limit of the tower is an element of U .

(5) The spaces KpZ, nq are in U for any n ě 1.
Then U contains all homotopy types that are nilpotent and of finite type.

Proof. Conditions (2) and (5) imply that the spaces KpA,nq are in U for any finitely generated free
abelian group A and any integer n ě 1. Now let A be any finitely generated abelian group and
0 Ñ F1 Ñ F2 Ñ AÑ 0 be a short exact sequence with F1 and F2 two finitely generated free abelian
groups. Then, we have a fiber sequence

KpA,n´ 1q Ñ KpF1, nq Ñ KpF2, nq

which, by condition (3), implies that KpA,nq is in U for any n ě 1. By [GJ10, Proposition V.6.1], a
space that is nilpotent of finite type can be expressed as the limit of a tower

. . .Ñ Xn`1 Ñ Xn Ñ Xn´1 Ñ . . .

in which, for all n, the map Xn Ñ Xn´1 fits in a fiber sequence
Xn Ñ Xn´1 Ñ KpAn, knq

where An is a finitely generated abelian group and kn ě 2 grows to infinity with n. Therefore, condition
(4) immediately gives us the conclusion. �

Theorem 5.4. The derived unit map
X Ñ xZXy

is a weak equivalence if X is a simplicial set which is connected nilpotent and of finite type.

Proof. Let us denote by U the full subcategory of sSet spanned by the simplicial sets satisfying the
conditions of the theorem. By the previous lemma, it suffices to prove that U satisfies the five conditions.
Clearly, condition (1) is satisfied. Condition (2) follows from the Künneth quasi-isomorphism

ZXˆY » ZX b ZY .
and the observation that the tensor product in cbring is the homotopy coproduct (Proposition 3.10).
Condition (3) follows from the convergence of the Eilenberg-Moore spectral sequence. Without loss of
generality, we may assume that Y Ñ Z is a fibration and that X is the actual fiber at a given base
point y P Y . Then by [Toë20, Theorem A.1], the natural map

ZY bL
ZZ Z Ñ ZX



12 GEOFFROY HOREL

is a quasi-isomorphism of cosimplicial rings and cosimplicial binomial rings (Proposition 3.10). Since,
the functor x´y sends homotopy colimits to homotopy limits, we obtain the desired result.

We prove (4). Let . . .Ñ Xn Ñ Xn´1 Ñ . . . X0 be a convergent tower in which all spaces are in U
(the other conditions are not necessary). Let us denote by Y the homotopy limit of the tower. Then
the map

HkpXn; Zq Ñ HkpY ; Zq
is an isomorphism for n big enough. It follows that the map

hocolimnZXn Ñ ZY

is a weak equivalence. Again, using that the functor x´y sends homotopy colimits to homotopy limits,
we obtain the desired result.

Finally claim (5) is exactly Proposition 4.3. �

6. Beyond nilpotent spaces

In this section, we shall prove the following Theorem

Theorem 6.1. Let X be a connected simplicial set of finite type, then the obvious map
X Ñ xZXy

is weakly equivalent to the Bousfield-Kan Z-completion map X Ñ Z8pXq.

We shall prove this theorem by using the work of Isaksen. In [Isa05], for any ring R, Isaksen constructs
two model structures on the category of pro-simplicial sets. In one of them the weak equivalence are
the R-cohomology equivalences and in the other one, they are the R-homology equivalences. Recall
that given a pro-simplicial set Y “ tYαuαPA. Its cohomology is defined by the formula

H˚pY ;Rq :“ colimαH
˚pYα;Rq

and its homology is the pro-R-module α ÞÑ H˚pYα;Rq.
We denote the cohomological (resp. homological) model structure on PropsSetq by LRPropsSetq

(resp. LRPropsSetq). Isaksen observes that a homology equivalence is a cohomology equivalence (by
a pro-version of the universal coefficient theorem) but the converse does not hold. The two model
structure share the same cofibrations so the cohomological model structure is a localization of the
homological one.

Proposition 6.2. Let X be a connected space of finite type. Let X Ñ tYαu be a fibrant replacement of
X in LZPropsSetq. Then the map X Ñ tYαu is a homology equivalence and so is a fibrant replacement
in LZPropsSetq.

Proof. We wish to show that the obvious map
colimαH

ipYα;Mq Ñ HipX;Mq
is an isomorphism for any abelian group M . By assumption it is an isomorphism for M “ Z. From
this we deduce easily that it is an isomorphism for M finitely generated. In order to prove it for a
general M it suffices that both the source and the target preserve filtered colimits in the M variable.

For this, we consider the following commutative diagram

colimα ExtpHi´1pYα; Zq,Mq //

��

colimαH
ipYα,Mq //

��

colimα HompHipYα; Zq,Mq

��
ExtpHi´1pX; Zq,Mq // HipX,Mq // HompHipX; Zq,Mq

in which both rows are the short exact sequences given by the universal coefficient theorem. The map
of interest to us is the middle vertical map. The exactness of these rows implies that it is enough
to prove that the four external nodes in this diagram preserve filtered colimits in the M variable.
By Lemma 6.4 below, it suffices to prove that, for each i, HipYα; Zq is isomorphic to a pro-finitely
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generated abelian group. By [Isa05, Theorem 3.3], we may assume that Yα is at the top of a finite
tower of fibrations with fibers of the form KpZ, nq with n ě 1. It is well-known that the homology of
Eilenberg-MacLane spaces of type pZ, nq is finitely generated in each degrees. Thus, an easy inductive
argument using the Serre spectral sequence shows that this is also the case for the homology of the
spaces Yα. �

Remark 6.3. It is clear that the proof above holds when Z is replaced by a principal ideal domain.
The case of a field coefficient is treated in [Hoy18, Proposition 3.11]. This Proposition gives a partial
answer to [Isa05, Question 10.2]

Lemma 6.4. Let R be any ring. Let tAαu be a pro-R-module group such that Aα is finitely generated
for each α. Then the functor

M ÞÑ HomPropModRqptAαu,Mq

from ModR to ModR preserves filtered colimits. The same statement holds for the functor

M ÞÑ ExtPropModRqptAαu,Mq

Proof. This functor is the filtered colimit of the functors

M ÞÑ HomModRpAα,Mq

which all preserve filtered colimits. The case of Ext is similar since by [Isa05, Lemma 4.2], we have an
isomorphism

ExtPropModRqptAαu,Mq – colimα ExtModRpAα,Mq.

�

Proof of Theorem 6.1. Let X Ñ Y “ tYαuαPA be a fibrant replacement of X in LZPropsSetq. By the
previous proposition, this is also a fibrant replacement in LZPropsSetq. By [Isa05, Theorem 3.3], we
may assume that each space Yα is nilpotent in the sense of [Isa05, Definition 3.1]. Such spaces are not
necessarily connected but since X is connected, we may restrict to the connected component Zα of
each Yα that is hit by the map from X. By [Isa05, Lemma 3.6], this component is still nilpotent in the
sense of [Isa05, Definition 3.1] and by [Isa05, Paragraph after question 10.4], they are nilpotent in the
usual sense. Moreover the map X Ñ tZαu is clearly still a homology equivalence.

By [Isa05, Proposition 7.3], another fibrant replacement of X is given by a strict fibrant replacement
of the tower n ÞÑ PnZnpXq with Pn the n-th Postnikov section. In other words, the two pro-spaces
tZαu and tPnZnpXqu are weakly equivalent in the strict model structure on pro-spaces, so we have a
weak equivalence

holimZα » holimPnZnpXq » Z8pXq
where the last weak equivalence follows from Milnor’s short exact sequence. On the other hand, since
X Ñ tZαu is a Z-cohomology equivalence, we have a weak equivalence of cosimplicial binomial rings
hocolim ZZα Ñ ZX and so we obtain a chain of weak equivalences

xZXy » xhocolim ZZαy » holimZα » Z8pXq.

where the second equivalence comes from the fact that the spaces Zα are nilpotent of finite type and
Theorem 5.4. �

7. Other localizations

In this section, for R a commutative ring, we denote by X Ñ LRpXq the localization of a space X
with respect to R-homology isomorphism.

Proposition 7.1. Let R be a subring of Q or the ring Fp for p a prime number. Let F : sSet Ñ sSet
be a functor with a natural transformation id Ñ F satisfying the following properties.

(1) It preserves weak equivalences.
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(2) It preserves products up to weak equivalences, i.e. the canonical map
F pX ˆ Y q Ñ F pXq ˆ F pY q

is a weak equivalence for all spaces X and Y .
(3) It sends homotopy fiber sequences with simply connected base to homotopy fiber sequences.
(4) It preserves homotopy limit of convergent towers of principal fibration with fibers KpA,nq with

n ě 1 and A a finitely generated abelian group.
(5) The map KpZ, nq Ñ F pKpZ, nqq is an R-localization for any n ě 1.

Then, the map X Ñ F pXq is an R-localization for any finite type nilpotent space.

Proof. First, we check that R-localization satisfy the five properties above. Properties (1), (2) and (5)
are straightforward. Property (3) follows from the fact that R-localization preserves simply connected
spaces and the Eilenberg-Moore spectral sequence for fiber sequences (which converges when the base
is simply connected). It remains to prove property (4). Let tXnu be a tower satisfying the hypothesis.
Because of property (3), the localized tower tLRpXnqu is still a convergent tower. The canonical map

holimnXn Ñ holimn LRpXnq

induces an isomorphism in homology because of Lemma 5.2 and the target is R-local because R-local
spaces are stable under homotopy limits. It follows that the target must be the R-localization of the
source as desired.

Now, we prove the proposition. Because of the previous paragraph, the class of spaces for which the
map X Ñ F pXq is an R-localization satisfies the five conditions of Proposition 6.2. So it must contain
all of the nilpotent finite type spaces. �

Proposition 7.2. Let X be a finite type connected space. Let X Ñ tYαu be a fibrant replacement of
X in LZpPropsSetqq. Then, the map

X Ñ holimα LRpYαq

is equivalent to Bousfield-Kan R-completion.

Proof. In order to simplify notations, we write L instead of LR. Arguing as in the Proof of Theorem
6.1, we may assume that each of the spaces Yα is connected. By Proposition 6.2, the map

X Ñ tYαu

is a Z-homology equivalence and thus an R-homology equivalence, and the map
tYαu Ñ tLpYαqu

is an R-homology equivalence. By [Isa05, Propsition 7.3], we can construct a fibrant replacement of
tLpYαqu in LRPropsSetq by taking a strictly fibrant replacement of the pro-space tPnRnLpYαqu. We
denote by by tPnRnLpYαquf this strict fibrant replacement. It follows from the discussion above that
the composite

X Ñ tYαu Ñ tLpYαqu Ñ tPnRnLpYαqu Ñ tPnRnLpYαqu
f

is a fibrant replacement of X in LRPropsSetq. By [Isa05, Proposition 7.3], another fibrant replacement
of X is simply given by

X Ñ tPnRnXu
f

In particular, there is a weak equivalence in the strict model structure on pro-spaces
tPnRnXu » tPnRnLpYαqu.

It follows that the two pro-spaces have the same homotopy limit so we have
R8pXq » holimα,n PnRnLpYαq.

Each of the spaces LpYαq is a nilpotent R-local space so we have, for each α a weak equivalence
holimn PnRnLpYαq » LpYαq.
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Putting together these two weak equivalences, we find
R8pXq » limα LpYαq

as desired. �

We are now equipped to prove the main theorem of this section.

Theorem 7.3. Let R be a subring of Q (resp. the ring Zp). Let X be a connected space of finite type.
Then the canonical map

X Ñ RmapcBRingpZX , Rq
is equivalent to Boousfield-Kan R-completion (resp. Fp-completion).

Proof. Let X Ñ tYαu be a fibrant replacement in LZPropsSetq. Then, we have the following sequence
of weak equivalences

RmappZX , Rq » Rmapphocolimα ZYα , Rq » holimα RmappZYα , Rq.
so according to the previous proposition, it suffices to show that the map

X Ñ RmappZX , Rq
is an R-localization (resp. Fp-localization) for nilpotent finite type spaces. For this, it suffices to show
that the functor

X ÞÑ RmappZX , Rq
satisfies the five conditions of Proposition 7.1. But this is proved exactly as Theorem 5.4. �

8. Binomial affine homotopy type

We denote by Spec the functor from BRingop to FunpBRing,Setq given by
SpecpAqpRq “ HomBRingpA,Rq.

More generally, let us consider the category FunpBRing, sSetq of covariant functors from BRing to sSet.
For A an object in cBRing, we also denote by Spec the functor from cBRingop

Ñ FunpBRing, sSetq
given by

SpecpAqpRq “ mapcBRingpA,Rq.

It is clear that there is no conflict of notations since SpecpAqpRq is a constant simplicial set when A is
a constant cosimplicial binomial ring. We denote by R SpecpAq the functor

R ÞÑ mappAc, Rq
for Ac a cofibrant replacement of A.

Proposition 8.1. The functor A ÞÑ RSpecpAq from cBRingop to FunpBRing,Sq is homotopically
fully faithful.

Proof. This is very similar to [Toë06, Corollaire 2.2.3]. We define a binomial ring structure on an
object A of a category C with finite products to be the data of a lift of the functor

B ÞÑ HomCpB,Aq

from FunpCop,Setq to FunpCop,BRingq.
Tautologically, the functor

A ÞÑ HomBRingpNumrxs, Aq
can be lifted from sets to binomial rings. This means that the binomial ring Numrxs has a binomial
ring structure in the category BRingop. The functor Spec being a product preserving functor from
BRingop to FunpcBRing, sSetq, we deduce that G̃a :“ SpecpNumrxsq has a canonical binomial ring
structure in FunpBRing,Setq

This implies that the functor
O : X ÞÑ prns ÞÑ HomFunpBRing,SetqpXn, G̃aqq
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lands in cBRing and clearly, this functor is left adjoint to Spec. Now, we observe that the adjunction
O : FunpBRing, sSetq Ô cBRingop : Spec

is a Quillen adjunction when we give FunpBRing, sSetq the projective model structure. So we wish to
prove that the unit map

AÑ LO SpecpAq
is a weak equivalence for any cofibrant A. For this, we first observe that the canonical map

AÑ holimrnsP∆An

is a weak equivalence. It follows that SpecpAq » hocolimR SpecpAnq. Now, since SpecpAnq is
representable, it is in particular cofibrant. It follows that

LO SpecpAq » holimrnsP∆ O SpecpAnq
Thus, in order to conclude the proof, it suffices to observe that the map

RÑ O SpecpRq.
is an isomorphism for R an object of BRing. This is simply Yoneda’s lemma. �

Remark 8.2. The object G̃a P FunpBRing,Grpq is simply the binomial version of the additive group :
R ÞÑ pR,`q.

We are reluctant to denote this object by Ga as the representing object is not the same as the
representing object of Ga : Ring Ñ Grp.

More precisely, we may think of binomial rings as affine geometric objects over a deeper base than
SpecpZq, that we denote by SpecpZbinq. Then the forgetful functor

U : BRing Ñ Ring
should be thought of as the base change R ÞÑ ZbZbin R. Note that this base change notation does
not have any mathematical content, it is simply a rewriting of the forgetful functor. In any case, the
object Ga is not the base change of G̃a from SpecpZbinq to SpecpZq. The latter base change is what
Toën calls the Hilbert additive group in [Toë20].

We can go one step further and extend Xbin to all commutative rings. We denote by U! the left
Kan extension functor along the forgetful functor :

U! : FunpBRing, sSetq Ñ FunpRing, sSetq

Proposition 8.3. The functor U! preserves weak equivalences and the induced functor
U! : FunpBRing,Sq Ñ FunpRing,Sq

is fully faithful.

Proof. By standard categorical nonsense, this left Kan extension functor is simply given by precompo-
sition with BinU the right adjoint functor to U so it obviously preserves weak equivalences. It follows
that the adjunction

U! : FunpBRing, sSetq Ô FunpRing, sSetq : U˚

is a Quillen adjunction in which both functors preserve weak equivalences. Thus, in order to prove that
the derived left adjoint is fully faithful, it suffices to prove that U! is fully faithful at the 1-categorical
level. This follows immediatly from the fact that U itself is fully faithful. �

Notation 8.4. For X a simplicial set, we write Xbin for RSpecpZXq P FunpBRing, sSetq. The
assignment X ÞÑ Xbin descends to a functor

S Ñ FunpBRing,Sq
By Theorem 5.4 and Proposition 8.1, this functor is fully faithful when restricted to spaces that are
nilpotent and of finite type. We also denote by Xbin the functor U!X

bin P FunpRing, sSetq. This is
not a conflict of notation since, for R a binomial ring, we have U!X

binpRq – XbinpRq. Moreover, by
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Proposition 8.3, the assignment X ÞÑ Xbin from S to FunpRing,Sq is also fully faithful when restricted
to spaces that are nilpotent and of finite type.

Remark 8.5. The functor Xbin : BRing Ñ sSet is represented by the cosimplicial algebra ZX . That
is, it is given by

R ÞÑ mapcBRingpA,Rq

for A Ñ ZX a cofibrant replacement in cBRing. Hence, following Toën [Toë06], we may call it a
“binomial affine stack”.

The extension of Xbin to Ring is given by

R ÞÑ mapcBRingpA,BinU pRqq – mapcRingpUA,Rq

but it is almost never an affine stack in the sense of Toën. This is because the algebra UA is not
cofibrant in cRing in general. In fact, if we replace UA be a cofibrant algebra, the resulting functor will
be precisely what Toën calls the “affinisation” of the homotopy type X which is denoted by pX bZquni
in [Toë20]. By [Toë20, Corollaire 5.1], the only space that is simply connected and of finite type for
which Xbin coincides with pX b Zquni is the point.

Proposition 8.6. Let X be a connected space of finite type.
(1) If R is a subring of Q, then the obvious map X Ñ XbinpRq coincides with Bousfield-Kan

R-completion.
(2) The obvious map X Ñ XbinpZpq coincides with Bousfield-Kan p-completion.
(3) If k is a finite field of characteristic p, then the map X Ñ Xbinpkq coincides with Bousfield-Kan

p-completion.

Proof. The first two claims are the content of Theorem 7.3
The proof of (3) simply comes from the fact that for any finite field of characteristic p we have

BinU pkq “ Zp. �

9. A binomial Grothendieck-Teichmüller group

We denote by BStack the category FunpBRing, sSetq. This category is enriched over itself by the
formula

HompX,Y qpRq “ mapFunpBRing,sSetqpX ˆ SpecpRq, Y q.
If X “ Y is cofibrant and fibrant, then the object EndpXq “ HompX,Xq is a functor from BRing to
fibrant simplicial monoids. We may apply the homotopy unit functor objectwise and we obtain a
functor from BRing to grouplike simplicial monoids that we call AutpXq. More generally, if X is not
cofibrant-fibrant, we denote by RAutpXq the result of applying Aut to a cofibrant-fibrant replacement
of X.

Example 9.1. Recall that G̃a P FunpBRing,Grpq denotes the binomial additive group :

R ÞÑ pR,`q

Take X “ Tn the n-dimensional torus. Then, we have Xbin » SpecpSymbin
pZnr´1sqq. so we have

Xbin “ KpG̃na , 1q. For R a binomial ring, we have the following sequence of weak equivalences

π0RAutpXbinqpRq – π0 mapcBRingpSymbin
pZnr´1sq,Symbin

pZnr´1sq bRqˆ – GLnpRq

This construction extends to diagrams I Ñ BStack. The category of such diagram is enriched over
BStack by the following equalizer diagram

HompF,Gq Ñ
ź

iPI

HompF piq, Gpiqq Ñ
ź

f :iÑj
HompF piq, Gpjqq

In particular, if F : I Ñ BStack is a functor, we may form RAutpF q which is a functor from BRing to
grouplike simplicial monoids.
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Proposition 9.2. Let F : I Ñ sSet be a functor taking values in spaces that are connected of finite
type. Let F bin : I Ñ BStack the functor obtained by applying the construction X ÞÑ Xbin objectwise.
Then

(1) For R a subring of Q, we have a weak equivalence of simplicial monoids

RAutpF binqpRq » RAutpR8pF qq

(2) For p a prime, we have a weak equivalence of simplicial monoids

RAutpF binqpZpq » RAutppFpq8pF qq

Proof. This is an immediate consequence of Proposition 8.6. �

Construction 9.3. Let D2 be the little 2-disks operad. We view D2 as a dendroidal space, i.e.
a diagram Ωop Ñ sSet. Alternatively, we may view D2 as a weak operad in the sense of [Hor17,
Definition 2.8] (i.e. a functor from Ψop to sSet satisfying a Segal condition for Ψ the algebraic theory
of single-colored operads). For R a binomial ring, we define

GTpRq “ π0pRAutFunpΩop,BStackqpD
bin
2 qpRqq

This is our version of the Grothendieck-Teichmüller group. Evaluation in arity 2 induces a natural
transformation

RAutFunpΩop,BStackqpD
bin
2 q Ñ RAutBStackppS

1qbinq.

Taking π0 and using Example 9.1, this induces a natural transformation of functors from BRing to
groups :

χ : GT Ñ G̃m

where G̃mpRq is the binomial multiplicative group given by R ÞÑ pRˆ, .q (see Remark 8.2 for the
notation).

Theorem 9.4. The group GT is related to the pro-p Grothendieck-Teichmüller group ĜTp and rational
Grothendieck-Teichmüller group ĜTQ as follows.

(1) We have GTpZpq – ĜTp.
(2) We have GTpQq – ĜTQ.

Moreover, in case (1) the map χ induces the pro-p cyclotomic character ĜTp Ñ Zˆp and in case (2)
the map χ induces the rational cyclotomic character ĜTQ Ñ Qˆ.

Proof. By Proposition 9.2, we find that

GTpZpq » π0RAutppFpq8D2q

which according to [Hor16, Theorem 5.7] is indeed isomorphic to ĜTp. Similarly, we have an isomor-
phism

GTpQq – ĜTQ

by the main theorem of [Fre17]. �

Remark 9.5. We could do a similar construction with the framed little 2-disks operad. The resulting
group will have the same Zp points by the main result of [BdBHR19] (see also [Hor16, Remark 5.8]).
The Q-points of this group will also be isomorphic to ĜTQ although we do not know of a reference for
this fact.
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Appendix A. Conservativity of the bar construction

Let A be an augmented differential graded algebra over a commutative ring R. We assume that A
is flat over R. We can form the derived tensor product RbL

A R. This can be explicitly modelled by
the bar complex

BpAq “ T cpsA, dA ` d
1q

where A denotes the augmentation ideal of A, T c denotes the cofree conilpotent coalgebra comonad,
dA is induced by the differential of A and d1 is the bar differential induced by the algebra structure.
The goal of this section is to study the conservativity of the bar construction functor. We are grateful
to Dan Petersen for suggesting the proof of Theorem A.3.

Proposition A.1. (1) Let C be a chain complex of abelian groups, assume that for all prime p,
the chain complex C bL

Z Fp is acyclic and that C bL
Z Q is acyclic. Then C is acyclic.

(2) Let f : C Ñ D be a map of chain complexes of abelian groups. Assume that for all prime p,
the map f bL

Z Fp is a quasi-isomorphism and the map f bL
Z Q is a quasi-isomorphism, then f

is a quasi-isomorphism.

Proof. In this proof, we drop the L superscript from the notation, all tensor products are derived.
First, we observe that part (2) of the proposition follows immediately from part (1). Indeed, a map of
chain complexes is a quasi-isomorphism if and only if its cofiber is acyclic and taking cofiber commutes
with derived tensor product.

We now prove part (1). First, using the short exact sequences
0 Ñ Z{pn Ñ Z{pn`1 Ñ Z{pÑ 0

and an obvious inductive argument, we can conclude, that C bZ{pn is acyclic for all n. It follows that
C b Z{N is acyclic for all integer N . Since the group Q{Z is a filtered colimit of finite cyclic groups,
we deduce that C bQ{Z is also acyclic. Finally, the short exact sequence

0 Ñ Z Ñ Q Ñ Q{Z Ñ 0
lets us conclude that C “ C b Z is also acyclic. �

We switch from augmented (co)algebras to non-unital (co)algebras (recall that the functor that
sends an augmented algebra to its augmentation ideal is an equivalence of categories and similarly for
coalgebras). In the rest of this proof, algebra and coalgebras are non-unital and non-counital.

The bar construction functor lands in coalgebras :
B : dgAlg Ñ dgCoalg

It has a left adjoint called the cobar construction :
Ω : dgCoalg Ñ dgAlg

Proposition A.2. The cobar construction sends quasi-isomorphisms between simply coconnected
coalgebras (i.e. such that Ci “ 0 for i ě ´1) to quasi-isomorphisms.

Proof. The cobar construction is given by
ΩpCq “ pT ps´1Cq, dC ` d

1q

where d1 is constructed using the coalgebra structure. There is an obvious decreasing filtration on
ΩpCq given by length of tensors

FnpCq “ ‘iěnps
´1Cqbn Ă T ps´1Cq

We claim that if C is simply coconnected, the map
(A.1) ΩpCq Ñ limnΩpCq{FnpΩpCqq
is a quasi-isomorphism. For this it suffices to observe that

(1) This limit is in fact a homotopy limit.
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(2) The obvious map
HipholimnΩpCq{FnpΩpCqqq Ñ limnHipΩpCq{FnpΩpCqqq

is an isomorphism.
(3) For each i, the composed map

HipΩpCqq Ñ limnHipΩpCq{FnpΩpCqqq
is an isomorphism.

The first claim follows from the fact that the transition maps are all epimorphisms in this tower.
The second claim uses the Milnor short exact sequence and the fact that the lim1-term vanishes by the
Mittag-Leffler criterion. For the last claim, we observe that FnpΩpCqq is concentrated in homological
degrees less than ´n by the coconnectedness assumption. It follows that for any i, the map

HipΩpCqq Ñ HipΩpCq{FnpΩpCqqq
is an isomorphism for n large enough.

Now that we know that the map A.1 is a quasi-isomorphism, the proposition is easy to prove. Let
f : C Ñ D be a quasi-isomorphism between simply-coconnected coalgebras. It suffices to consider the
following commutative square

ΩpCq //

Ωpfq
��

limnΩpCq{FnpΩpCqq

��
ΩpDq // limnΩpCq{FnpΩpDqq

in which both vertical maps are induced by f . All we have to do is prove that the right vertical map is
a quasi-isomorphism. Since we know that both limits are in fact homotopy limits, it suffices to prove
that for each n the map

ΩpCq{FnpΩpCqq Ñ ΩpDq{FnpΩpDqq
is a quasi-isomorphism. By an inductive argument it is enough to show that for all n, the map induced
by f :

Fn´1pΩpCqq{FnpΩpCqq Ñ Fn´1pΩpCqq{FnpΩpCqq
is a quasi-isomorphism which follows immediately from the fact that f is a quasi-isomorphism. �

Theorem A.3. Let K denote the ring Z or a field. Let f : AÑ A1 be a map of augmented 0-coconnected
dg-algebras over K. Assume that

Bpfq : BpAq Ñ BpA1q

is a quasi-isomorphism. Then f is a quasi-isomorphism.

Proof. Thanks to the first proposition, we may reduce the case of Z to the case of a field so from now
on, we assume that K is a field.

Thanks to the second proposition, we know that ΩpBpfqq : ΩBpAq Ñ ΩBpA1q is a quasi-isomorphism.
Finally, the canonical maps ΩBpAq Ñ A and ΩBpA1q Ñ A1 are quasi-isomorphisms by [LV12, Corollary
2.3.4] which concludes the proof. �
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